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PREFACE 


Soon  after  its  founding  in  1952,  the  Advisory  Group  for  Aerospace  Research  and 
Development  recognized  the  need  for  a  comprehensive  publication  on  flight  test  techniques 
and  the  associated  instrumentation.  Under  the  direction  of  the  AGARD  Flight  Test  Panel 
(now  the  Flight  Mechanics  Panel),  a  Flight  Test  Manual  was  published  in  the  years  1954  to 
1956.  The  Manual  was  divided  into  four  volumes:  I.  Performance,  II.  Stability  and  Control, 

III.  Instrumentation  Catalog,  and  IV.  Instrumentation  Systems. 

Since  then  flight  test  instrumentation  has  developed  rapidly  in  a  broad  field  of  sophisti- 
cated  techniques.  In  view  of  this  development  the  Flight  Test  Instrumentation  Group  of  the 
Flight  Mechanics  Panel  was  asked  in  1968  to  update  Volumes  III  and  IV  of  the  Flight  Test 
Manual,  Upon  the  advice  of  the  Group,  the  Panel  decided  that  Volume  III  would  not  be 
continued  and  that  Volume  IV  would  be  replaced  by  a  series  of  separately  published  mono¬ 
graphs  on  selected  subjects  of  flight  test  instrumentation:  The  AGARD  Flight  Test 
Instrumentation  Series.  The  first  volume  of  the  Series  gives  a  general  introduction  to  the 
basic  principles  of  flight  test  instrumentation  engineering  and  is  composed  from  contributions 
by  several  specialized  authors.  Each  of  the  other  volumes  provides  a  more  detailed  treatise 
by  a  specialist  on  a  selected  instrumentation  subject.  Mr  W.D.Mace  and  Mr  A.Pool  were  willing 
to  accept- the  responsibility  of  editing  the  Series,  and  Prof.D.Bosman  assisted  them  in  editing 
the  introductory  volume.  In  1975  Mr  K.C.Sanderson  succeeded  Mr  Mace  as  an  editor.  AGARD 
was  fortunate  in  finding  competent  editors  and  authors  willing  to  contribute  their  knowledge 
and  to  spend  considerable  time  in  the  preparation  of  this  Series. 

It  is  hoped  that  this  Series  will  satisfy  the  existing  need  for  specialized  documentation 
in  the  field  of  flight  test  instrumentation  and  as  such  may  promote  a  better  understanding 
between  the  flight  test  engineer  and  the  instrumentation  and  data  processing  specialists.  Such 
understanding  is  essential  for  the  efficient  design  and  execution  of  flight  test  programs. 

The  efforts  of  the  Flight  Test  Instrumentation  Group  members  (J  .Moreau  CEV/FR, 
H.Bothe  DFVLR/GE,  J.T.M.  van  Doom  and  A.Pool  NLR/NE,  E.J.Norris  A&AEE/UK, 
K.C.Sanderson  NASA/US)  and  the  assistance  of  the  Flight  Mechanics  Panel  in  the  prepara¬ 
tion  of  this  Series  are  greatly  appreciated. 


F.N.STOLIKER 

Member,  Flight  Mechanics  Panel 
Chairman,  Flight  Test 
Instrumentation  Group 
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At  first  sight,  the  presence  of  a  Volume  concerned  with  the  analysis  of  random  data  in  a 
series  devoted  to  flight  test  Instrumentation  may  appear  to  be  extraneous.  However,  the 
availability  of  powerful  computing  facilities,  both  on-line  and  off-line,  for  processing  experimental 
data  means  that  the  flight  teat  engineer  has  great  flexibility  in  choosing  the  dividing  line  between 
“hard  wired”  and  “soft”  signal  conditioning  equipment  (the  former  is  normally  carried  aboard 
the  test  vehicle,  whilst  the  latter  may  be  incorporated  in  the  ground  equipment).  Further,  the 
techniques  described  in  this  Volume  are  being  used  increasingly  to  extract  meaningful  informa¬ 
tion  in  situations  where  more  conventional  test  and  analysis  techniques  are  inappropriate.  It 
therefore  follows  that  the  “software”  tools  which  are  represented  by  such  techniques  are  just 
as  important  to  the  modem  flight  test  engineer  as  the  hardware  used  to  detect  and  collect  the 
necessary  measurements. 

It  is  not  intended  that  this  Volume  should  be  a  reference  document  for  the  specialist 
analyst  who  is  required  to  generate  the  software  for  analysing  random  data;  a  number  of 
excellent  publications  exist  which  satisfy  this  requirement  admirably  (for  example  (reference 
0.1, 0.2  and  0.3)).  Rather  it  is  intended  to  introduce  the  non-specialist  both  to  the  possibi¬ 
lities  and  to  the  fundamental  limitations  of  those  techniques  which  are  most  frequently 
encountered.  For  this  reason  the  author  has  attempted  to  present  mainly  heuristic  explana¬ 
tions  of  the  techniques  in  the  main  body  of  the  text,  and  has  confined  the  more  detailed 
mathematical  treatments  to  appendices.  A  second,  and  equally  important,  objective  of  the 
Volume  is  to  emphasise  the  strong  interaction  between  the  various  elements  and  facts  of  a 
measurement  programme. 

In  essence,  the  contents  of  this  volume  are  intended  as  a  “guide”  to  the  analysis 
techniques  which  are  available  to  the  flight  test  engineer  for  analysing  random  data,  and  to 
the  requirements  and  constraints  which  may  be  imposed  upon  the  selection  of  hardware  and 
the  design  of  a  trial  if  meaningful  information  is  to  be  gained  from  the  measurements 
gathered  during  a  trial. 
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CHAPTER  1  PRE-PROCESSING 


1.1  Introduction 


The  validity  of  an  interpretation  of  the  results  obtained  from  any  flight  trial  is  crit¬ 
ically  dependent  upon  the  fidelity  of  the  measurements.  This  in  turn  depends  upon: 


-  the  selection  of  appropriate  transducers,  signal  conditioning  and  recording 
equipment 

-  the  determination  of  total  measurement  system  static  and  dynamic  characterist¬ 
ics  for  each  parameter 

-  selecting  suitable  sensitivities  for  all  elements  in  the  measurement  chain  for 
each  measurement 

-  the  correct  siting  and  mounting  of  the  transducers 

-  the  correct  functioning  of  the  complete  measurement  system 


It  is  the  author's  experience  that  of  the  items  listed  above,  the  first  often  receives 
least  attention.  This  is,  perhaps,  because  instrumentation  is  considered  to  be  a  "black 
art"  and  best  left  to  a  specialist.  Or,  perhaps,  because  a  large  and  expensive  measurement 
system  already  exists  „  it  is  easier  to  risk  using  this  than  it  is  to  demand  one  which 
is  more  appropriate  to  the  task  in  hand.  In  any  event,  it  is  unlikely  that  a  flight  trial 
will  prove  successful  unless  appropriate  instrumentation  is  used;  and  nobody  is  in  a  better 
position  to  specify  the  requirements  for  this  than  the  engineer  who  is  going  to  interpret 
the  results. 


What,  then,  are  the  requirements  for  an  instrumentation  Bystem  which  is  suitable  for 
gathering  random  data?  The  answer  to  this  question  will  depend  upon  the  application. 

Random  signals  may  occur  as  a  result  of,  for  example,  navigation  errors,  ILS  approach 
path  errors,  structural  loads  resulting  from  take  off  and  landing  or  flight  in  atmospheric 
turbulence,  excitation  by  turbulent  boundary  layers  or  power  plant  exhausts,  through  to 
radio  frequency  interference.  Each  may  be  of  interest  to  at  least  one  discipline  involved 
in  the  design  of  a  flight  vehicle,  and  each  may  make  different  demands  of  an  instrumentation 
system.  In  each  case,  however,  the  sort  of  questions  which  need  answering  before  an  ade¬ 
quate  instrumentation  system  can  be  defined  are; 


-  is  it  possible  to  measure  all  the  parameters  of  interest? 

-  if  not,  is  it  possible  to  derive  them  from  other  measurements? 

-  should  this  derivation  be  effected  in  real  time,  or  on  the  ground  during 
analysis? 

-  what  type  of  analysis  is  to  be  performed  on  the  results? 

-  what  frequency  bandwidth  is  required? 

-  how  many  channels  are  required? 

-  is  it  possible  to  condition  the  experiment  so  as  to  reduce  the  number  of 
measurement  parameters? 

-  how  long  do  the  records  need  to  be? 

-  what  is  the  likely  maximum  signal  level  to  be  encountered? 

-  is  the  presence  of  the  transducers  and/or  the  instrumentation  system  likely 
to  affect  u^te;  tally  the  parameters  of  interest? 

-  are  variations  Ln  the  parameters  of  interest  likely  to  affect  the  output  of 
the  transducers  in  an  indirect  way  (e.g.  preraure  transducers  are  sensitive 
to  acceleration,  jet  effluxes  generate  accelerations;  great  care  is  needed 
to  measure  the  pressure  fluctuations  of  jet  effluxes  correctly)? 
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-  are  steady  state  levels  Important? 

•  Is  it  necessary  to  filter  the  signals  before  sampling? 

-  are  inter-channel  phase  relationships  important? 

-  what  sort  of  environment  will  the  measurement  equipment  be  subjected  to? 

-  are  the  transducers  outputs  likely  to  be  affected  by  uncontrolled  environ¬ 
mental  factors? 

-  does  this  matter? 

-  how  are  the  measurement  units  to  be  transformed  into  physical  units? 


It  is  not  within  the  scope  of  this  Volume  to  discuss  in  detail  all,  or  even  many, 
df  the  questions  posed  above  in  relation  to  the  measurement  of  random  data.  However, 
the  analysis  techniques  described  in  Chapter  2  are  performed  upon  the  end  product  of 
what  is  often  a  very  long  chain  of  decisions  and  events,  all  of  which  can  affect  the 
validity  of  the  results  obtained.  The  present  section  is  devoted  to  matters  which  may 
be  looked  upon  as  forming  the  interface  between  the  raw  measurements  and  the  analysis 
proper. 


1.2  Recording  and  Recovery  of  Random  Signals 


Data  gathered  during  flight  trials  may  be  handled  in  a  very  large  number  of  ways.  Some 
of  those  which  are  available  from  commercial  sources  are  shown  in  figure  1.1.  The  range 
is  so  wide,  and  each  technique  is  so  expensive  to  implement,  that  the  luckless  engineer 
faced  with  the  task  of  choosing  a  system  can  find  it  very  difficult  to  arrive  at  a 
decision.  His  problems  are  exacerbated  by  the  fact  that  each  type  of  system  has  charac¬ 
teristics  which  are  beneficial  in  some  applications,  but  which  can  create  difficulties 
in  others. 


It  has  to  be  stated  that  an  author  encounters  a  similar  kind  of  dilemma  when  faced  with 
the  task  of  describing  techniques  which  are  available  for  handling  random  signals.  His 
difficulties  arise  from  the  fact  that  random  signals  are  of  interest  to  all  engineering 
disciples  ranging  from  radio  technology  with  signals  of  many  millions  of  Hertz  to  fatigue 
investigations  in  which  "cycles"  can  last  for  several  hours.  Further,  the  capabilities 
of  some  techniques  are  increasing  very  rapidly:  the  packing  density  potential  of  commer¬ 
cially  available  magnetic  tape  recorders,  for  example,  has  recently  been  increased  by  a 
factor  of  ten,  and  ideas  currently  under  development  threaten  to  increase  this  by  at  least 
another  order  of  magnitude. 


In  the  event,  rather  than  examining  particular  applications  areas,  this  author  has  chosen 
to  classify,  in  fairly  broad  terms,  the  techniques  which  are  available  for  handling  experi¬ 
mental  information,  to  disauss  the  characteristics  of  each  technique  as  it  may  affect  the 
handling  of  random  signals,  and  to  indicate  possible  applications  areas  in  the  general  field 
of  flight  testing. 
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Figure  1.1  Methods  of  Recording  and/or 

Transmitting  Flight  Test  Data 
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1.2.1.  Analogue  Magnetic  Tape  Recording 


Magnetic  tape  provides  the  means  for  recording  a  large  quantity  of  information  in  a  very 
small  volume  onto  a  relatively  permanent  medium.  Moreover,  it  is  possible  to  recover  in¬ 
formation  stored  in  this  way  directly  in  the  form  of  electrical  signals  which  can  be  fed 
to  electronic  analysis  equipment  without  a  great  deal  of  difficulty.  These  are  the  feat¬ 
ures  which  make  magnetic  tape  recorders  so  attractive  to  the  flight  test  engineer  when  he 
is  required  to  record  flight  trials  Information.  In  all  other  respects,  magnetic  tape  is 
an  unlikely  medium  for  flight  trials  work.  For  example,  recorders  are  complex  and  expen¬ 
sive  devices  which  do  not  like  operating  in  less  than  ideal  conditions  -  they  are  sensitive 
to  vibration,  dirt  and  extremes  of  temperature,  pressure  and  humidity.  Further,  they  are 
incapable  of  recording  directly  information  having  frequencies  less  than  several  tens  of 
Hertz.  Finally,  it  is  not  possible  to  visualise  recordings  without  recourse  to  additional 
expensive  equipment.  Despite  these  drawbacks  magnetic  tape  recorders  are  now  used  almost 
universally  for  recording  flight  test  information.  It  is  therefore  essential  that  engin¬ 
eers  are  familiar  with  the  characteristics  associated  with  magnetic  tape  and  with  the 
various  techniques  which  can  be  used  to  encode  information  onto  the  medium.  This  Section 
is  devoted  to  those  encoding  techniques  which  are  generally  classified  as  "analogue". 


1.2. 1.1.  Direct  Recording 


Direct  recording  is,  as  the  name  implies,  the  process  of  recording  analogue  voltages 
directly  onto  magnetic  tape,  with  the  addition  only  of  a  very  high  frequency  bias  current 
to  linearise  the  properties  of  the  medium.  It  is  the  technique  which  is  used  in  the 
majority  of  domestic  audio  recording  equipment,  largely  because  it  affords  the  greatest 
frequency  bandwidth  for  a  given  tape  speed.  However  the  technique  has  three  major  draw¬ 
backs  which  make  it  highly  unpopular  for  measurement  purposes.  Firstly  the  apparent  amp¬ 
litude  of  a  recorded  signal  is  affected  by  time,  tape-head  contact,  and  by  the  lateral 
positioning  of  the  tape  relative  to  the  replay  head.  Secondly  it  is  necessary  to  "equa¬ 
lise"  (filter  to  correat  inherent  variations  in  the  frequency  response  characteristic) 
recovered  signals  -  in  the  measurement  context  a  very  inexact  process.  Finally,  as  noted 
in  Section  1.2.1.,  the  medium  is  incapable  of  recording  slowly  varying  signals. 


The  technique  is  of  rather  poor  fidelity  with  accuracies  quoted  in  decibels  (normally  a 
sure  sign  that  all  is  not  well).  Therefore,  despite  its  use  in  "Hi  Fi"  audio  systems,  it  is 
not  to  be  recommended  for  measurement  purposes,  unless  the  frequency  bandwidth  of  interest 
is  such  that  no  other  recording  technique  can  be  used.  At  the  present  time  this  implies 
an  interest  in  frequencies  in  excess  of  500  KHz. 


1.2. 1.2.  Frequency  Modulation  Recording 


The  requirement  to  record  signals  with  a  reasonable  degree  of  fidelity  down  to  steady 
state  levels  can  be  satisfied  by  frequency  modulation  (FM)  recording.  The  technique  uses 
a  voltage-controlled  oscillator  to  convert  the  "instantaneous"  value  of  a  signal  to  an 
"instantaneous"  frequency  prior  to  recording  on  magnetic  tape.  It  follows  that,  provided 
only  that  the  frequency  of  the  recorded  signal  can  be  detected,  then  the  original  un¬ 
distorted  signal  can  theoretically  be  recovered,  irrespective  of  the  distortions  intro¬ 
duced  by  the  recording  medium. 


Separate  channels  of  data  may  be  recorded  on  separate  tracks  of  a  multi-track  tape  rec¬ 
order  (up  to  eighty  have  been  recorded  on  one  inch  wide  tape) .  In  this  application  mod¬ 
ulations  in  frequency  of  up  to  forty  percent  of  centre  frequency  are  used  to  describe  the 
amplitude  variations  of  a  signal.  An  increased  number  of  recording  channels  may  be  accom¬ 
modated  by  frequency  multiplexing  (FM/FM)  up  to  eight  channels  onto  each  recorder  track. 

In  this  case  it  is  necessary  to  reduce  the  maximum  allowable  frequency  deviation  and  to 
assign  a  different  frequency  band  to  each  channel.  Since  the  maximum  bandwidth  of  a  data 
channel  is  directly  proportional  to  centre  frequency,  this  has  the  effect  of  varying  the 
data  bandwidth  between  one  channel  and  the  next.  For  this  reason  the  FM/FM  technique  is 
no  longer  widely  used  for  recording  random  data. 


The  penalties  of  using  FM  as  a  recording  (rather  than  transmission)  technique  are  that 
the  fidelity  of  the  recording  becomes  critically  dependent  upon  the  stability  of  tape 
speed  as  it  passes  the  record  (and/or  replay)  heads,  and  that  the  "packing  density" 
(maximum  number  of  effective  data  cycles  per  unit  length  of  tape)  is  only  a  tenth  of 
that  which  can  be  achieved  by  direct  recording. 


The  importance  of  recorder  speed  stability  can  be  demonstrated  by  analogy  with  a  chart 
recorder.  If  the  pen  of  the  recorder  is  made  to  oscillate  at  a  constant  frequency ,  then 
a  sinusoid  will  be  traced  on  the  paper  produced  by  the  recorder  when  the  paper  travels 
at  a  constant  speed.  The  distance,  measured  along  the  paper,  between  one  peak  and  the 
next  will  be  directly  proportional  to  paper  speed.  If  the  paper  speed  varies  without  the 
knowledge  of  the  user,  then  the  frequency  of  the  sinusoid  will  appear  to  vary.  If  the 
apparent  frequency  is  to  be  interpreted  as  being  proportional  to  the  amplitude  of  a  signal, 
then  that  amplitude  will  appear  to  vary.  This  is  exactly  analogous  to  the  situation  where 
signals  are  recorded  on  magnetic  tape  using  frequency  modulation. 


Very  precise  tape  speeds  are  achieved  in  instrumentation  standard  recorders  either  by 
using  large  flywheels  (the  Ampex  AR  1200  used  a  flywheel  weighing  over  20kg)  or  by  using 
tight  servo  control  of  the  speed  of  a  capstan  (and  consuming  a  lot  of  power) .  In  applic¬ 
ations  where  size  and  weight  are  critical,  and  where  the  recorder  must  be  powered  by  a 
battery,  neither  of  these  stabilising  techniques  is  appropriate.  In  such  applications  the 
recorder  must  be  set  to  operate  as  best  it  can,  and  the  hard  work  of  recovering  the  rec¬ 
orded  signal  must  be  performed  in  the  laboratory  after  flight. 


A  very  good  technique  for  recovering  signals  from  frequency  modulated  information  record¬ 
ed  wider  conditions  where  the  tape  speed  is  liable  to  vary  uses  the  principle  that  a  dir¬ 
ectly  recorded  signal  of  known  frequency  can  be  used  to  monitor  the  tape  speed.  If  such 
a  signal  is  recorded  at  the  same  time  as  the  data,  then  it  can  be  demodulated  in  the  same 
way  and  the  resulting  time  history  used  to  remove  speed  induced  amplitude  changes  in  the 
data  signals.  For  the  system  to  be  effective  over  the  whole  frequency  band,  the  follow¬ 
ing  rules  should  be  followed: 


-  the  reference  frequency  should  be  of  a  similar  value  to  the  centre  frequencies 
of  the  data  modulators 

-  the  output  filters  of  all  demodulators  should  be  closely  matched  to  limit 
phase  errors  between  channels 

-  a  reference  track  must  be  recorded  on  each  stack  of  a  multi-head  tape  record¬ 
er 

-  tape  motion  past  the  heads  must  have  a  low  dynamic  skew  for  accurate  compen¬ 
sation 

-  best  results  are  obtained  when  the  azimuth  of  the  replay  head  stack  is  matched 
to  that  of  the  recorder 


A  diagram  of  a  "true"  speed  compensator  is  shown  in  figure  1.2.  An  illustration  of  the 
performance  which  can  be  achieved  by  the  tape  recorder  is  shown  in  figure  1.3.  It  may 
be  seen  that  peak- to- peak  errors  of  over  forty  percent  (more  than  half  the  nominal  range 
of  the  recorder)  can  be  reduced  to  barely  perceptible  levels  using  this  type  of  compen¬ 
sation.  The  particular  recorder  used  to  obtain  the  results  shown  in  figure  1.3.  was  a 
lightweight  recorder  consuming  approximately  2  amps  at  23V  DC.  Its  performance  when 
operating  in  a  severe  environmant  compares  favourably  (after  compensation)  with  laborat¬ 
ory  standard  instrumentation  recorders. 


A  simplified  form  of  speed  compensation  is  offered  by  several  manufacturers  of  instrum¬ 
entation  recorders  in  which  it  is  assumed  that  the  amplitude  error  caused  by  speed  devi¬ 
ation  is  additive. 


It  is  easy  to  demonstrate  that  this  assumption  is  invalid,  except  at  one  data  modulation 
frequency.  The  method  does  achieve  a  significant  reduction  in  speed  induced  errors,  but 
the  author  has  found  that  the  performance  of  systems  using  this  method  is  generally 
inferior  to  that  which  can  be  achieved  by  "true"  compensation. 


In  summary,  frequency  modulation  allows  magnetic  tape  recorders  to  be  used  as  an  accur¬ 
ate  data  recording  medium,  but  the  penalty  is  a  decreased  recording  density  and  a  great¬ 
er  complexity  in  tape  transports  and/or  signal  recovery  equipment.  FM  tape  recorders 
are  however  used  almost  universally  for  recording  random  signals  in  the  frequency  range 
from  zero  to  SOOKHz. 
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Figure  .1..2.  A  "True*  Speed  Compensation  Circuit. 
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1.2. 1.3.  Digital  Recording. 


When  data  gathered  in  flight  is  to  be  analysed  digitally,  it  is  natural  to  consider  the 
possibility  of  making  the  tape  recorder  completely  transparent.  This  may  be  achieved  by 
sampling  and  digitising  the  analogue  signals  at  source  and  recording  the  digital  informa¬ 
tion  on  magnetic  tape  in  a  format  which  can  be  read  by  a  digital  computer  either  directly 
(computer  compatible)  or  indirectly,  via  an  interface. 


At  the  present  time  standard  computer  compatible  recording  formats  are  rarely  used,  for  a 
number  of  reasons* 


-  data  must  be  recorded  on  tape  in  discrete  blocks.  This  can  oniy  be  achieved 
by  using  a  pair  of  interleaving  storage  buffers. 

-  computer  tape  recorders  normally  include  hardware  which  prevents  a  block 
being  read  if  it  contains  an  error. 

-  computer  standard  packing  densities  are  normally  much  lower  than  can  be 
achieved  technically. 


A  great  many  recording  formats  which  are  not,  in  general,  computer  compatible  are,  how¬ 
ever,  available  commercially.  Discussion  of  these  is  beyond  the  scope  of  the  present 
manual;  the  interested  reader  is  referred  to  References  1.1.  and  1.2.,  for  example. 


All  digital  recording  techniques  employ  the  principle  of  sampling  a  number  of  analogue 
signals  sequentially,  digitising  each  sample,  and  encoding  the  resulting  digital  value 
prior  to  recording  the  information  onto  magnetic  tape. 


Provided  that  the  record  quality  is  sufficient  to  enable  each  recorded  "bit"  to  be  recov¬ 
ered,  then  the  recording  and  replay  processes  are  completely  transparent  (i.e.  there  is 
no  difference  between  the  recorded  and  recovered  data.)  This  feature  is  unique  to  digital 
recording  and  makes  the  technique  very  attractive  to  flight  test  engineers.  It  is  inevi¬ 
table  that  the  technique  has  disadvantages.  These  includei 


-  additional  electronic  equipment  must  be  carried  in  the  aircraft. 

-  the  packing  density  of  information  is  much  lower  than  can  be  achieved 
with  FM  recorders. 

-.  it  is  sometimes  necessary  to  have  a  prior  knowledge  of  the  signal  levels  if 
the  best  use  is  to  be  made  of  limited  resolution  digitisers. 

-  a  tape  recorder  having  good  tape  speed  stability  is  normally  required. 

-  data  sampling  can  cause  difficulties  (see  Section  1.3.) 

-  complex  and  expensive  equipment  is  normally  required  in  order  to  recover 
flight  records. 


As  a  general  rule,  digital  recording  techniques  are  used  for  signals  which  vary  compara¬ 
tively  slowly  with  time  and  which  have  known  amplitude  bounds.  In  the  context  of  random 
phenomena,  they  can  be  used  to  good  effect  for  monitoring  navigation  errors,  rigid  body 
aircraft  motion  and,  perhaps,  flexible  aircraft  responses  up  to  frequencies  of  several 
tens  of  Hertz.  They  are  not  at  present  suitable  for  recording  acoustic  signals,  boundary 
layer  pressure  fluctuations,  or  engine  induced  vibrations.  ' 


1.2. 1.4.  Telemetry. 


Telemetry  has  been  used  for  many  years  for  transmitting  measurements  from  flight  vehicles 
which  must  be  controlled  remotely  and/or  which  are  unlikely  to  be  recovered.  More 
recently,  the  high  cost  of  flight  testing  has  made  the  technique  viable  for  normal  air¬ 
craft  flight  trials,  when  the  potential  for  "on-line"  analysis  and  display  can  enable 
the  flight  envelope  to  be  explored  more  rapidly.  However  the  technique  remains  very 
costly  to  implement  and  may  restrict  unduly  the  flexibility  of  flight  trials  since  the 
aircraft  must  remain  within  range  of  a  ground  receiving  station  during  the  time  measure¬ 
ments  are  required.  The  interested  reader  is  referred  to  References  1.3.  and  1.4.  for 
reviews  of  telemetry  techniques. 
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Telemetry  transmission  gives  the  engineer  the  capability  of  processing  random  information 
"on-line"  to  obtain  statements  about  the  quality  of  data  being  received.  Statements  of 
the  peak,  mean  and  RMS  (root  mean  square)  values  of  each  channel  are  normally  sufficient 
to  satisfy  this  requirement.  It  is  unlikely  that  the  computing  power  necessary  to  make 
more  detailed  on-line  statements  about  the  data  could  be  justified  except  in  particular 
situations  where  the  aircraft  may  be  at  risk,  for  example  during  flight  flutter  trials. 


1.2. 1.5.  On-board  Processing. 


The  arrival  of  the  ubiquitous  microprocessor,  or  microcomputer,  has  greatly  reduced  the 
size  and  cost  of  providing  on-board  processing  capabilities,  and  it  is  certain  that  such 
systems  will  be  used  increasingly  in  multi-seat  aircraft  where  telemetry  is  impractical. 
However  the  environment  on  board  an  aircraft  is  not  conducive  to  decision  making,  so  that 
the  major  application  of  on-board  processing  is  to  provide  for  relatively  simple  assess¬ 
ments  in  order  to  ensure  that  information  of  suitable  quality  has  been  obtained.  Where 
random  data  is  of  interest,  then  useful  on-board  processing  is  likely  to  be  restricted 
to  estimates  of  peak,  mean  and  RMS  values  for  each  data  channel.  The  task  of  processing 
the  measurements  in  detail  is  likely  to  remain  firmly  ground-based. 
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1.3.  Analogue  Pre-processing 


Signals  which  have  been  transmitted  from  an  aircraft  or  recorded  in  flight  in  an  anal¬ 
ogue  format  are  normally  recovered  prior  to  analysis  as  continuous  signals  whose  volt¬ 
ages  are  proportional  to  the  physical  parameters  under  Investigation  with  the  addition, 
perhaps,  of  measurement  and  reconstruction  noise.  They  may  then  be  processed  using 
analogue,  or  pseudo-analogue,  equipment.  Alternatively,  and  this  is  the  usual  case, 
they  may  be  sampled  and  coverted  to  a  digital  sequence  in  preparation  for  analysis 
using  a  digital  computer. 


Signals  which  are  recovered  in  this  way  have  the  characteristics  that  they  are  *softB, 
that  is,  no  two  attempts  at  recovering  the  signals  produce  identical  results.  Such  a 
characteristic  is  caused  by  noise  injection  and/or  fluctuations  in  sensitivity  and  off¬ 
set  of  the  recovery  equipment.  The  obvious  disadvantage  of  this  characteristic  is 
compensated  for  by  a  number  of  advantages  which  are  afforded  by  analogue  recording. 
These  include: 


-  the  recovery  equipment  can  be  optimised  so  as  to  recover  successfully  signals 
that  would  otherwise  be  lost  (due  to  over  modulation,  for  example) 

-  signals  can  be  filtered  and/or  amplified  to  make  best  possible  use  of  the 
available  processing  equipment 

-  the  aquisition  parameters  can  be  varied  to  suit  the  requirements  of  a  part¬ 
icular  recording 


The  subject  of  this  Section  is  the  pre-processing  teannlqueB  which  can  be  used  with 
analogue  signals  to  maintain  that  the  best  possible  analysis  fidelity. 


1.3.1.  System  Calibration 


Tiic  "soft*  nature  of  analogue  recording  systems  has  been  the  stimulus  for  considerable 
ingenuity  in  generating  in-flight  system  calibration  signals.  At  worst  suah  signals 
allow  the  record/replay/aaquisition  system  to  be  calibrated  prior  to  analysis.  In  their 
most  sophisticated  form  they  allow  the  performance  of  the  complete  measurement  system  to 
be  monitored  automatically  during  flight. 


System  calibration  signals  recorded  on  the  data  tape  can  take  a  variety  of  forms,  in¬ 
cluding  i 


-  multiple  steady-state  levels 

-  sine  waves  of  constant  amplitude 

-  square  waves  of  constant  amplitude 


Examples  of  typical  calibration  signals  are  shown  in  figure  1.4. 


The  type  of  signal  chosen  for  any  particular  application  depends  upon  tradition  and/or 
upon  tha  nature  of  the  transducers  employed  and  their  associated  signal  conditioning 
equipment.  It  is  certain  that  the  most  satisfactory  calibration  signal  uses  multiple 
steady  state  levels  of  known  amplitude  expressed  in  physical  units.  In  this  case  the 
zero  offset,  sensitivity,  and  sign  of  each  signal  channel  can  be  estimated  with  no  ambi¬ 
guity  . 


The  interpretation  of  sine  wave  calibration  signals  presents  some  difficulty.  The  per¬ 
ceived  level  of  a  sine  wave  may  be  estimated  by i 


-  computing  the  RMS  amplitude  of  the  fundamental  frequency  component 

-  computing  the  RMS  amplitude  of  the  fundamental  and  harmonics  of  the  sine 
wave  (both  of  these  can  be  obtained  from  the  power  spectral  density) 

-  computing  tha  average  of  successive  peak-to-peak  excursions  (the  peaks  must 
be  well  defined) 

-  computing  the  amplitude  probability  density  of  the  signal 
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The  four  methods  outlined  above  will,  in  general,  yield  four  different  estimates  for  the 
RMS  value  of  the  signal.  The  most  appropriate  therefore,  is  the  method  which  most  closely 
resembles  that  used  to  define  the  level  of  the  signal  prior  to  recording,  provided  that 
all  of  the  intervening  measurement  and  recording  elements  are  linear.  In  the  absence 
of  other  information  the  most  satisfactory  method  is  the  first,  provided  that  supporting 
information  regarding  the  amplitudes  of  the  harmonics  and  overall  noise  levels  is  also 
presented. 

Square  wave  calibration  signals  can  be  processed  in  a  manner  similar  to  sine  waves. 
However,  filters  are  used  to  recover  the  modulated  analogue  signals.  These  will  supp¬ 
ress  higher  harmonics  of  the  square  waves  and  may  give  rise  to  overshoot  of  the  signal 
after  each  transition.  Therefore  the  only  satisfactory  method  of  estimating  the  peak 
levels  of  a  square  wave  calibration  signal  is  to  use  its  amplitude  probability  density. 

It  is,  in  general,  possible  to  estimate  neither  the  sign  of  the  scale  factor  nor  the  value 
of  the  zero  offset  from  sine  or  square  wave  calibration  signals. 

Multiple  steady  state  calibration  levels  can  be  interpreted  by  associating  the  average 
value  of  each  level  with  the  physical  value  assigned  to  that  level.  Both  the  zero  off¬ 
set  and  sensitivity  of  the  channel  can  then  be  computed  by  regression  analysis  of  the 
results.  Examples,  both  good  and  bad,  of  the  results  of  this  type  of  analysis  are  shown 
in  figures  1.5.  and  1.6. 


A  A  A  A 
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1.3.2.  Analogue  Filtering 


Analogue  filters  have  been  used  for  conditioning  random  signals  prior  to  analysis  for  a 
vary  long  time.  In  particular,  early  analogue  spectral  analysers  possessed  a  very  limited 
dynastic  range  and  it  was  common  practise  to  "pre-whlten"  random  signals  (q.v.  reference 
1«5.)  to  obtain  satisfactory  results.  The  objective  of  this  process  was  to  modify  the 
characteristics  of  a  signal  to  obtain,  so  far  as  was  possible,  a  bond- limited  white  noise 
spectrum.  Provided  that  the  modification  was  effected  by  filters  having  precisely  known 
characteristics,  then  the  spectrum  of  the  original  signal  could  be  reconstructed  by 
weighting  the  computed  spectrum. 


Modern  analysis  equipment  has  bought  with  it  a  dramatic  improvement  in  dynamic  range,  and 
this  has  led  to  a  widespread  belief  that  conditioning  filters  of  this  sort  are  no  longer 
necessary.  However  it  should  be  remembered  that  modern  analysis  equipment  has  also  per¬ 
mitted  a  greatly  increased  frequency  resolution,  more  than  a  hundred  times  the  resolution 
of  early  analysers,  and  applications  still  exist  in  which  significant  improvements  can  be 
effected  by  the  use  of  simple  pre-whitening  filters. 


In  fact,  all  commercially  available  spectral  analysers  permit  the  user  to  condition 
signals  in  a  simple  way  by  high  pass  filtering.  The  filters  are  provided  mainly  to  in¬ 
hibit  the  acquisition  of  large  signal  offsets,  but  they  have  the  additional  character¬ 
istic  of  suppressing  low  frequency  signals  which  may  be  of  no  interest  to  the  analyst. 
Such  high  pass  filters  are  in  essence,  simple  pre-whitening  filters,  and  computed  spectra 
can  be  corrected  to  remove  their  effects. 


1.3.3.  Gain  Adjustment 


It  frequently  happens  that  the  levels  which  may  be  attained  by  measured  parameters  during 
a  flight  trial  are  unknown  prior  to  the  trial.  When  this  is  the  case,  then  it  is  common 
practice  to  set  the  channel  sensitivities  to  a  conservative  value  to  ensure  that  over¬ 
ranging  does  not  occur.  As  a  result  the  analyst  is  sometimes  called  upon  to  extract  in¬ 
formation  from  signals  having  a  maximum  value  which  is  only  a  small  proportion  of  the 
available  recorder  range.  In  this  event  it  is  normal  to  amplify  the  signal  level  before 
sampling  or  analysis  so  as  to  make  best  possible  use  of  the  analysis  equipment.  The 
analysis  results  must,  of  course,  be  adjusted  to  take  account  of  the  resulting  changes 
in  sensitivity  and,  if  appropriate,  signal  offset. 


Measurement  system  noise  (400Hz  breakthrough,  recorder  resonances,  etc.)  is  often  pre¬ 
dominantly  narrow  band.  Hence  when  the  processing  involves  spectral  analysis,  very  small 
signals  can  be  analysed  in  a  meaningful  way  provided  that  the  inherent  system  noise  char¬ 
acteristics  are  known  (by  analysing  a  record  which  contains  no  signal,  for  instance) . 

The  author  has,  on  oacasion,  amplified  recorded  signals  destined  for  spectral  analysis  s 
by  more  than  40dB  (100  times)  with  no  apparent  detriment  to  the  results. 


Amplifiers  used  for  sensitivity  adjustment  should  have,  ideally,  switched  gain  settings 
which  are  known  accurately.  They  should  possess  an  adequate  frequency  bandwidth  and, 
particularly  when  inter-channel  time  delays  are  important,  should  have  matched  phase 
characteristics.  All  of  these  parameters  must  be  measured;  experience  has  shown  that  it 
is  not  sufficient  to  rely  upon  manufacturers 1  specifications. 


1,3.4.  Tape  Speed  Compensation 


Analogue  tape  recorders  are  not  perfect  instruments.  The  speed  at  which  tape  passes  the 
record  or  replay  head  may  be  affected  by  vibration,  temperature,  supply  voltage,  and  even 
the  amount  of  tape  on  the  take-up  reel.  Tape  speed  variations  can  cause  sampling  time 
"jitter"  and,  if  frequency  modulation  is  used,  signal  amplitude  fluctuations.  A  method 
by  which  speed  dependent  amplitude  fluctuations  can  be  reduced  has  been  described  in 
Section  1.2.  It  remains  to  consider  the  problem  of  time  jitter. 


Tima  jitter  is  important  when  a  record  is  being  examined  in  detail  to  establish  precise 
frequency  information  or  to  estimate  accurate  inter-channel  phase  characteristics.  In 
such  situations  the  resolution  of  the  record  can  be  limited  by  frequency  smearing  caused 
by  jitter.  More  seriously,  frequency  and  phase  Information  may  be  biased  if  the  tape 
speed  is  consistently  different  from  nominal. 
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Whan  a  racord  is  to  ba  analysad  digitally,  than  tha  effects  of  time  jitter  nay  ba  raduoad 
significantly  by  using  a  rafaranca  track  (it  can  ba  tha  sana  track  as  that  raguirad  for 
amplitude  compensation)  to  produca  sampling'  clock  pulsas.  This  causes  data  samples  to  ba 
obtained  at  points  related  to  record,  rather  than  replay,  time.  However,  drop  outs  in  tha 
rafaranca  track  can  cause  a  degradation  of  tha  analysad  results,  rather  than  tha  hoped 
for  improvement.  Whan  this  happens,  tha  insertion  of  a  phase- locked  oscillator  (PLO) 
between  the  sampling  clock  and  the  pulse  shaping  circuit  can  restore  matters  to  a  degree . 
The  phase-lockad  oscillator  will  "flywheel"  over  dropout  areas,  thereby  ensuring  that  no 
data  is  lost.  It  is  to  ba  noted  that  a  PLO  should  ba  used  only  whan  rafaranca  track 
drop-outs  are  a  problem,  because  of  its  finite  response  time  to  tape  spaed  changes  and 
because  tha  phase  of  its  output  relative  to  tha  reference  frequency  changes  with  tha  value 
of  that  frequency.  A  typical  circuit  is  shown  in  figure  1.7. 


Certain  tape  recorders  offer  a  "tape  servo"  facility  which  allows  the  replay  speed  to  be 
locked  to  a  reference  track.  This  facility  can  ba  used  to  limit  the  more  extreme  tape 
spaed  fluctuations,  but  the  control  loop  frequency  bandwidth  is  generally  insufficient 
to  remove  tha  effects  of  time  jitter  completely. 


When  analogue  equipment  is  to  be  used  to  analyse  a  record,  then  tape  speed  induced  time 
jitter  can  be  reduced  by  using  a  FIFO  (first  in,  first  out)  buffer.  Signals  output  by 
the  tape  recorder  are  sampled,  digitised  and  input  to  the  buffer  under  the  control  of  a 
recorded  reference  frequency.  Samples  are  then  output  from  the  buffer  and  passed  to  a 
digital-analogue  converter  under  the  control  of  a  local  oscillator.  The  arrangement  is 
shown  in  figure  1.8. 


The  schema  works  provided  that  the  buffer  is  sufficiently  long  and  provided  that  the 
average  clock  rates  are  identical. 


Figure  1.7.  Schematic  of  a  Phase-Looked  oscillator. 


Figure  1.8.  A  Circuit  to  Remove  Time  Jitter 
From  Analogue  Signals. 
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1.4.  Sampling 


Tha  majority  of  paramatars  of  intaraat  to  tha  flight  taat  anginaar  occur  naturally  aa 
continuous  functions  of  tima.  If  the  paramatars  are  to  be  processed  by  a  digital 
computer,  and  this  is  now  normally  the  case,  than  tha  parameters  must,  at  some  stage,  be 
converted  into  a  set  of  digital  numbers,  each  number  representing  the  value  of  a  parti¬ 
cular  parameter  at  a  particular  instant  of  time.  Tha  resulting  sequence  of  numbers  is 
referred  to  as  a  sampled  time  history  or  data  sequence.  Usually,  although  not  always,  a 
parameter  is  sampled  such  that  tha  time  interval  between  succeaive  samples  is  constant. 
Whan  this  is  not  the  case  it  is  normally  convenient  for  processing  purposes  to  interpolate 
between  samples  so  as  to  generate  a  sequence  which  does  have  a  constant  interval  between 
successive  samples. 


A  signal  may  be  sampled  at  any  stage  in  tha  measurement  process,  depending  upon  the 
nature  of  tha  signal  and,  often  just  as  important,  upon  the  measurement  system  available 
to  the  Flight  Test  Engineer. 


It  is  current  practice  to  transmit  and/or  reaord  low  frequency  information  (e.g.  steady 
state  and  aircraft  "rigid  body"  motions)  in  a  digital  format,  but  to  use  analogue  methods 
for  recording  higher  frequency  information  (e.g.  flutter  measurements,  engine  vibrations, 
etc.) .  The  reasons  for  this  are  simply  that  the  coat  per  unit  volume  or  weight  for  rec¬ 
ording  each  parameter  is  lower  for  an  analogue  system  than  it  is  for  a  digital  system 
when  the  required  frequency  bandwidth  is  greater  than  a  few  tens  of  Herts. 


It  is  important  to  realise  that  tha  rules  for  sampling  a  continuous  function  of  time 
successfully,  and  the  characteristics  of  the  resulting  sampled  sequence  are  the  same 
regardless  of  the  point  at  which  the  sampling  is  executedi  the  output  of  a  shaft  encoder 
has  the  same  sampling  characteristics  as  tha  output  of  an  equivalent  analogue  measure¬ 
ment  system  after  it  has  bean  sampled  at  tha  input  to  a  digital  computer , 


The  remainder  of  this  Section  is  concerned  with  the  characteristics  of  a  sampled  sequence, 
and  the  rules  for  sampling  which  result  from  those  characteristics.  Also  included  are 
sections  devoted  to  tha  characteristics  of  the  elements  which  may  be  used  for  effecting 
signal  sampling. 


1.4,1,  Principles  of  sampling 


Every  engineer  has,  at  some  time,  plotted  a 
graph  of  measured  extension  against  applied 
load  and  fitted  a  curve  through  the  points  to 
determine  the  stiffness  of  a  spring.  A  number 
of  decisions  are  made  during  this  process. 

The  most  important  decision  relates  to  the 
choice  of  curve  from  the  infinity  of  possible 
curves  which  pass  through  the  measured  points 
(see,  for  example  figure  1.9.). 


The  proaoss  of  fitting  a  curve  to  a  set  of 
measured  data  points  is,  in  some  respects, 
the  inverse  of  the  sampling  process.  In  one 
case  tha  tank  is  to  represent  a  set  of  sampled 
data  points  by  a  suitable  continuous  function* 
in  the  other  the  task  is  to  represent  a 
continuous  funotion  by  a  set  of  sampled  data 
points. 


Figure  1,9.  Some  possible  curves 
passing  through  one  set  of  data. 


It  is  not  normally  difficult  to  choose  a  suitable  function  relating,  for  example,  the 
extension  of  a  spring  to  the  applied  load  since  the  choice  is  limited  by  the  physics  of 
the  process.  However,  when  there  is  no  reason  to  restrict  the  choice  of  functional  rela¬ 
tionship,  than  an  infinite  number  of  passible  solutions  exist.  The  latter  is  usually 
the  case  for  a  sampled  time  history  if  no  precautions  have  been  taken  to  limit  the  choice. 
It  clearly  follows  that  for  a  sampled  time  history  to  have  any  meaning,  seme  mechanism 
must  be  incorporated  to  limit  possible  excursions  of  the  signal  between  successive 
samples. 
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It  this  limiting  can  be  achieved  then  it  btoonu  possible  to  interpolate  between  samples 
without  incurring  an  excessive  arr or,  ao  that  tha  sampled  sequence  can  ba  said  to  repre- 
•ant  fairly  tha  original  time  history.  Xt  ramains  to  dafine  reasonable  limits  for  ex- 
cursions  between  samplas  and  to  daoida  upon  tha  charactaristics  of  tha  limiting  mechanism. 


1.4.2.  Tha  Sampling  Thaoraa 


Tha  Sampling  Thaoraa  states  that  a  aaquanca  resulting  from  sampling  a  continuous  signal 
at  a  constant  rate  of  2f  samples  par  second  completely  describes  that  signal  (in  tha  a ansa 
that  tha  original  signal  can  ba  reconstructed)  provided  that  tha  signal  contains  no 
frequency  components  greater  than  or  equal  to  f  Us.  Tha  frequency  f  is  known  as  tha 
Uyquist  or  folding  frequency.  Tha  Sampling  Theorem  is  discussed  further  in  Appendix  A. 


The  underlined  part  of  tha  above  statement  is  often  omitted >  its  relevance  is  clearly 
illustrated  in  figure  1.10. ,  which  shows  a  sinusoid  of  frequency,  f  Us.  sampled  at  2f 
samples  per  second! 


Figure  1.10.  A  Sinusoid  Sampled  Exactly  Twice  per  Period. 


The  Sampling  Theorem  describes,  in  frequency  domain  terms,  the  excursions  which  are  all- 
owable  between  samples.  It  states  that  a  signal  can  be  sampled  successfully,  provided 
that  it  has  been  filtered  prior  to  sampling  so  as  to  eliminate  effectively  all  signal 
components  greater  than  or  equal  to  the  folding  frequency.  It  will  be  noted  that  the 
resulting  sequence  represents  the  filtered  rather  than  the  original  analogue  signal. 
Filters  which  are  used  in  this  way  are  called  "anti-aliasing”  filters.  Tha  design  of 
suitable  filters  is  discussed  in  Section  1.4.5. 


The  selection  of  an  anti-aliasing  filter  for  any  particular  application  depends  upon  the 
nature  of  tha  signals  under  investigation  and  upon  the  proportion  of  the  available  freq¬ 
uency  bandwidth  which  is  of  interest.  For  general  applications  a  rather  conservative  rule 
is  adopted.  This  demands  that  the  amplitude  of  a  white  noise  signal  shall  be  reduced  to 
one  percent  of  its  original  value  at  the  folding  frequency.  The  available  bandwidth  is 
then  dictated  by  tha  number  of  poles  used  in  the  filter  and  the  permissible  attenuation 
of  the  signal,  bearing  in  mind  that  the  effects  of  this  can,  under  soma  circumstances,  be 
removed  after  sampling.  Figure  1.11.  represents  a  filter  order  selection  guide  using  tha 
above  rule  (curve  A) .  Also  included  is  a  guide  based  upon  the  rather  less  conservative 
rule  of  less  than  one  percent  aliasing  at  the  highest  frequency  of  interest  (curve  B) . 

The  latter  rule  implies  that  aliasing  is  acceptable  provided  that  its  effects  are  not 
significant  in  the  frequency  range  of  interest. 


In  general,  a  filtar  will  be  acceptable  if  it 
B.  It  is  interesting  to  note  that  a  six  pole 
between  46  and  63  percent  of  that  theoretical 


4.0  — 
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1.4.3.  The  Effect  of  Aliasing 


The  rules  for  filtering  an  enlogue  signal  prior  to  sampling  have  been  discussed  in  the 
previous  section.  It  is  relevant  to  consider  the  effects  of  Quitting  such  filtering, 
partly  because  soue  airborne  digital  systems  do  not  incorporate  filtering  specifically  to 
prevent  aliasing,  and  partly  because  the  characteristics  of  an  aliased  signal  can  be 
utilised  in  digital  processing. 


It  is  assumed  that  the  signal  under  investigation  is  continuous  and  has  characteristics 
which  do  not  vary  with  time  (i.e.  is  stationary) .  Suppose  that  a  portion  of  the  signal 
is  sampled  at  constant  interval  such  that  the  folding  frequency  of  the  signal  is  fc. 
Then  a  periodic  component  of  the  signal  of  frequency  f  may  be  described  as 


cos  2xft 


1.4.1. 


if  a  suitable  time  reference  is  chosen.  The  kth  sampled  value  is  then  equal  to 


cos  2*fkh  -  cos  2*f  .k 

JIc 


1.4.2. 


where  the  interval  between  successive  samples  is  h  ■  l/2fc. 


An  arbitrary  frequency  f  can  be  re-defined  as 


f  -  2n.fc  +  f* 


1.4.3. 


where  n  is  a  suitably  chosen  integer  and  f'  lies  between  zero  and  fo. 


Equation  1.4.3.  may  be  substituted  into  1.4.2.  to  give 


cos  2  *fk  m  cos  2  *k.  (2n.fc  +  f) 
Tlc^  Tic 


■  cos  2xk.(n  +  f '  ) 

“  215 


cos  2xkf ' 


because  Cos  2*kn  is  unity  for  integer  k  and  n. 


1.4.4. 


Equation  1.4.4.  is  identical  with  1.4.2. .  but  with  f  replaced  by  f'.  Note  that  no  res¬ 
triction  was  placed  upon  the  value  of  t,  but  that  f'  was  assumed  to  lie  between  sero  and 
fc.  Thus  equations  1.4.3.  and  1.4.4,  imply  that  any  periodic  component  of  a  sampled 
signal  will  appear  to  have  a  frequency  within  the  range  zero  and  fc.  Equation  1.4,4.  im¬ 
plies  that  the  amplitude  of  the  component  will  be  unchanged. 


Equation  1.4.3.  states  that  the  perceived  frequency  of  a  periodic  component  is  related  to 
the  actual  frequency  as  shown  in  figure  1.12. 


Thus  a  frequency  perceived  at  f  may  in  fact  be  at  any  one  of  the  following  frequencies! 


f  i  (2fc  -  f)  »  (2fc  +  f)  »  (4fc  -  f)  »  (4fc  +  f)  »  etc. 


Consideration  of  the  effects  of  aliasing  can  be  extended  to  aperiodic  signals  within  the 
assumption  of  stationarlty  by  a  similar  analysis  if  it  is  assumed  that  a  portion  of  the 
time  history  can  be  represented  by  a  Fourier  Series.  The  conclusions  reached  are  then 
identical  to  those  above. 
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Figure  1.12.  Graphical  Interpretation 
of  Equation  1.4.3. 


To  summarise,  a  frequency  component  which  is  aliased  by  sampling  will  be  perceived  as  a 
component  having  the  same  amplitude  (RMS  value  for  a  random  component)  as  the  original, 
but  having  a  predictable,  incorrect  frequency. 


The  consequences  of  aliasing  can  be  catastrophic,  particularly  if  the  original  signal 
cannot  be  re-examined,  since  it  is  impossible  to  differentiate  between  "true"  and  aliased 
components  of  a  signal. 


However,  the  predictable  nature  of  aliasing  can  be  <  ed  to  enhance  the  analysis  of  u 
signal,  as  described  in  Section  2.4. 


1.4.4.  Typical  Sampling  Systems 


Sampling  systems  are  constructed  using  five  basic  elemental 


-  Pre-sampling  filter 

-  Multiplexor 

-  Sample/hold  module 

-  Analogue  -  digital  converter  (ADC) 

-  Controller 


The  elements  can  be  arranged  in  a  variety  of  configurations >  three  typical  arrangements 
are  shown  in  figure  1.13. 


The  purpose  of  the  filters,  one  of  which  should  be  dedicated  to  each  analogue  signal,  is 
to  prevent  aliasing  of  the  digital  output,  (see  section  1.4.3.).  Sample/Hold  modules  are 
used  to  maintain  a  constant  sampled  analogue  value  for  the  period  retired  by  the  converter 
to  quantise  that  level.  A  multiplexor  is  commonly  used  at  some  point  to  limit  the  number 
of  connections  required  und/or  to  reduce  the  number  of  modules  required  in  a  system. 


It  is  relevant  to  consider  in  more  detail  the  configuration  shown  in  figure  1.13. 


The  first  arrangement  (a)  employs  a  filter,  a  Sample/Hold  module,  and  an  Analogue  - 
digital  converter  for  each  analogue  signal.  The  digital  outputs  from  the  ADCs  are 
multiplexed  to  obtain  a  single  digital  data  stream.  The  arrangement  is  capable  of  vary 
high  aampling  rates  since  the  conversion  process  is  executed  in  parallel.  Moreover 
samples  can  be  obtained  with  no  time  delay  between  one  output  and  another.  However  the 
item  of  major  cost  in  a  sampling  system  is  the  analogue  -  digital  converter  (ADC) ,  so  that 
the  arrangement  is  prohibitively  expensive  for  all  but  a  few  specialised  applications. 
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Arrangement  (b)  employs  an  analogue  multiplexor  to  enable  multiple  analogue  inputs  to  be 
sampled  by  one  ADC.  Sample/Hold  modules  are  used  to  obtain  apparent  parallel  sampling  of 
the  analogue  signals.  The  arrangement  has  a  lower  acquisition  rate  potential  than  (a) 
but  is  much  less  expensive. 


The  configuration  most  commonly  used  in  airborne  acquisition  systems  is  shown  as  arrange¬ 
ment  (c) .  It  is  similar  to  (b)  but  requires  only  a  single  Sample/Hold  module,  thereby 
reducing  the  cost  of  the  system.  The  arrangement  introduces  time  delays  between  date 
channels  which,  if  embarrassing,  must  be  removed  prior  to  processing. 


Of  the  three,  arrangement  (b)  has  much  to  commend  it  provided  that  the  increased  size 
and  weight  in  relation  to  arrangement  (c)  can  be  tolerated.  The  higher  initial  cost  of 
the  arrangement  compared  with  (c)  is  offset  by  a  reduction  in  processing  time  for  every 
record  in  which  inter-channel  time  delays  must  be  removed. 


*t  remains  to  consider  in  some  detail  the  individual  characteristics  of  the  four  elements 
used  in  sampling  systems. 
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Figure  1.13,  Schematics  of  Three  Types  of  Sampling  System. 


1.4.5 


Pre-sampling  Filters 


Pre-sampling  filters  are  low  pass  filters  which  are  used  to  prevent  the  introduction  of 
aliasing  by  the  sampling  process  (see  Section  1.4.3.).  All  analogue  low  pass  filters 
modify  signals  passing  through  them  in  three  ways:  they  introduce 


-  frequency  dependent  attenuation  or  amplification 

-  frequency  dependent  phase  lag 

-  possible  "ringing"  when  excited  by  signal  transients 


The  first  is  the  characteristic  required  of  a  pre-sampling  filter,  the  second  and  third 
are  undesirable  by-products  of  an  analogue  filter. 


Frequency  dependent  phase  lag  translates  to  a  frequency  dependent  delay  in  the  time  domain, 
and  unless  controlled  it  may  seriously  distort  the  analogue  signal.  An  illuminating 
starting  point  to  a  discussion  of  filter  design  is  to  investigate  the  "ideal"  phase  lag 
versus  frequency  relationship  for  an  analogue  filter. 


If  it  is  accepted  that  an  analogue  low  pass  filter  must  introduce  time  delay,  then  an 
optimum  filter  is  one  which  delays  all  signal  frequency  components  by  the  same  amount. 
Such  a  filter  would  pass  a  signal  without  distortion,  provided  that  all  frequency  com¬ 
ponents  of  the  signal  lie  within  its  pass  band.  This  is  the  case  when  the  action  of  the 
filter  upon  a  signal  component  having  an  amplitude  A  and  frequency  f  Hz  may  be  expressed 
as 


A. exp  -i2*f.(t+T)  1.4.5. 


where  T  is  the  (constant)  time  delay  introduced  by  the  filter.  This  represents  a  phase 
shift  of 


-2»fT  «  K.f  radians  1.4.6. 


Thus  one  characteristic  of  an  ideal  low  pass  filter  is  that  the  rate  of  change  of  phase 
with  frequency  of  its  transfer  function  should  be  a  constant,  at  least  within  the  pass 
band  of  the  filter. 


The  frequency-dependent  gain  (attenuation  or  amplification)  of  a  low  pass  filter  is 
characterised  by  its  ultimate  slope  (the  slope  as  frequency  becomes  very  large) .  In  a 
physically  realiaeable  filter  this  is  given  by: 


H(f)  -  <f)~n 


1.4.7. 


where  n  is  the  order  of  the  filter  (and  equals  the  number  of  "poles"  or  the  order  of  the 
highest  derivative  in  the  equation  of  motion.)  The  gain  characteristic  of  an  ideal 
filter  is  shown  in  figure  1.14.,  Vfhich  shows  a  unity  gain  up  to  the  filter  "break  point" 
(also  known  as  the  cut-off  frequency)  and  a  gain  inversely  proportional  to  n  thereafter. 


In  an  "ideal"  filter  having  a  time  delay  which  is  constant  at  all  frequencies,  the  delay 
T  is  related  to  fo  by  the  relationship: 


T  ■  n  seconds. 

$£o 


1.4.8. 


It  can  be  seen  from  equation  1.4.8.  that  the  time  delay  is  directly  proportional  to  the 
order  of  the  filter.  Thus  a  filter  giving  the  optimum  gain  characteristic  (an  infinite 
value  of  n)  would  have  an  infinite  time  delay,  i.e.  would  not  work. 
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In  practical  terms,  the  number  of  poles  used  in  a  filter  depends  upon  the  application  and 
an  acceptable  cost.  A  filter  with  a  large  number  of  poles  is 


-  difficult  to  design  (a  computer  is  desireable  to  design  a  filter  with  more 
than  three  poles) 

-  difficult  to  build  (accurately  matched  components  are  necessary  to  control 
the  characteristics) 


Such  a  filter  also  has  characteristics  which  can  be  undesireable,  since  it  is  not  possible 
to  achieve  in  one  design  both  low  time  domain  distortion  and  good  frequency  domain  gain 
characteristics. 


A  third  order  low  pass  filter  can  be  used  to  illustrate  the  problems.  The  equation  of 
motion  of  such  a  filter  is  given  by: 


_a3  .d3y  ♦ 

a2  .d2v  + 

al  .dv 

M 

f(t)  -  y 

1.4.9. 

(2nfo) 3  dt3 

(2nfo) 2  dt2 

2*fo  dt 

where  y  denotes  the  response  of  the  filter  to  an  input  f(t).  Values  of  a3,  aj,  and  a3, 
which  result  in  filters  optimised  to  satisfy  different  requirements,  are  shown  in  figure 
1.15.,  and  the  corresponding  frequency  response  functions  are  given  in  figures  1.16  and 
1.17. 


The  synthesised  responses  of  the  three  types  of  filter  to  a  square  wave  input  axe  shown 
in  figure  1.18.  The  fundamental  frequency  of  the  input  was,  for  the  purposes  c*  the 
illustration,  chosen  to  be  1  Ha.  and  the  natural  frequencies  of  the  filters  (fo)  were 
chosen  to  be  3  Hz.  The  response  of  filter  A  does  not  overshoot  the  input  and  has  '.He 
largest  apparent  time  delay  (compare  the  output  values  at  0.2  seconds).  Filter  on 
the  other  hand,  overshoots  the  input  by  approximately  eight  percent  (in  this  case)  and 
distorts  the  input  waveform  to  a  considerable  degree. 


Thus  the  engineer  who  is  interested  in  observing  a  sampled  time  history  directly  might 
conceiveably  select  either  filter  A  or  filter  B,  and  tolerate  the  rather  poor  frequency 
response  in  the  pass  band  in  return  for  a  lower  time  domain  distortion. (  On  the  other 
hand,  the  engineer  who  is  interested  in  observing  the  data  in  the  frequency  domain  would 
probably  prefer  the  response  characteristic  of  filter  C. 


The  most  commonly  used  filter  for  random  data  analysis,  when  constant  time  delay  is  not 
of  paramount  importance,  is  the  Buttervorth  Filter.  This  has  the  gain  characteristic 
given  by: 


H  (if ) 


(  1  + 


(f/fo)*“  ) 


2n 


1.4.10. 


which  is  a  relatively  simple  filter  to  realise  and  closely  resembles  the  "ideal"  of 
figure  1.14.  when  n  is  large. 


When  phase  information  between  two  channels  is  required,  then  it  becomes  necessary  to 
control  the  phase  characteristics  of  the  filters.  An  eight  pole  filter  has  360  degrees 
of  phase  shift  at  the  cut-off  frequency.  If  the  relative  phase  shift  between  two  filters 
is  to  be  maintained  to  less  than  one  degree,  then  individual  circuit  components  must  be 
controlled  to  better  than  0.25  percent.  Clearly  this  is  close  to  the  acceptable  limit 
for  component  tolerances. 


Fo 


LOG < FREQ) 


figure  1.14.  The  Galn-Frequenoy  Characteristic 
of  an  "Ideal"  Low  Pass  Filter. 


Ident . 
(Figure 
1.16.) 

*i 

a2 

a3 

H  Ik)  /  k  -  f/fe 

Desoription. 

A 

2.4662 

2.4329 

1 

U  +  1.216k2  +  0.9365k4  +  k6)"* 

Lowest  time  domain 
distortion  (Bessel.) 

a 

2.3662 

2.2750 

1 

<1  +  k2  +  0.46322k4  +  k6)-* 

1  ,  I 

Low  frequency  components 
have  time  delay  given  by 
equation  1.4.8. 

w 

2 

2 

1 

(1  +  kG>"* 

"Best*  frequency  re¬ 
sponse  characteristics 
(Butterworth) . 

Figure  1.15*.  Three  Different  Third-Order  Filters. 

(the  Identifiers  refer  to  the  Frequency 
Response  Functions  shown  in  Figures 
1.16.  end  1.17.) 


Filter  A 


Filter  B 
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SamoWHold  Modulo 

A  sample/hold  module  is  a  linear  analogue  device  whose  oparation  la  controlled  by  a  logic 
aignal.  When  tha  logic  aignal  ia  in  ona  atata  the  module  ia  transparent,  that  ia  an 
analogue  aignal  ia  transferred  from  input  to  output  with  no  modification.  Whan  tha  logic 
aignal  changaa  state,  however,  tha  analogue  output  signal  is  "frosen"  to  tha  value 
obtaining  at  that  time.  Tha  circuit  diagram  of  a  simple  8H  module  ia  shown  in  figure  1.19, 
together  with  a  diagram  to  illustrate  its  mode  of  operation. 


Applications  of  the  SH  (Sample/Hold)  module  include t 


-  isolation  of  tha  input  to  an  analogue-digital  converter  during  conversion 
(see  Section  1.4.7.) 

-  isolation  of  tha  output  from  a  digital-analogue  converter  when  the  converter 
la  settling  to  a  new  value 

-  aligning  tha  inputs  to  an  analogue  multiplexor  when  inter-channel  time  delays 
are  uncertain  (sea  Section  1.4.4.) 


It  is  presumed  in  the  foregoing  description  that  the  operation  of  a  SH  module  is  ideal. 
Practical  designs  are  characterised  by  a  number  of  parameters i 


-  Settling  time.  This  is  the  time  required  for  the  output  voltage  to  mirror 
the  input  voltage  within  specified  limits  after  the  module  has  been  released 
from  the  hold  condition. 

-  Droop  rate.  The  time  rata  of  change  of  output  voltage  when  the  module  ia  in 
the  hold  condition. 

-  Feed  through.  A  measure  of  the  proportion  of  the  input  voltage  whiah  is 
transmitted  to  the  output  voltage  when  the  module  is  in  the  hold  condition. 
Feed  through  is  normally  very  small  at  low  signal  frequencies,  but  can  be 
significant  at  higher  frequencies. 

-  Aperture  time.  The  time  required  for  the  switah  to  turn  off  after  a  hold 
command  has  been  applied. 

-  Aperture  Uncertainty  time.  The  difference  between  maximum  and  minimum 
aperture  times. 


The  first  two  parameters  are  of  major  importance  when  selecting  (or  designing)  a  SH 
module.  This  is  because  the  requirements  for  reducing  their  values  are  conflictings  in 
general  either  a  fast  settling  time  or  a  low  droop  rate  can  be  achieved.  Thus  a  wide 
range  of  SH  modules  is  available  commercially  to  satisfy  a  variety  of  applications.  It 
is,  however,  to  be  noted  that  the  apparent  settling  time  can  be  reduced  to  a  very  small 
value  if  two  SH  modules  are  used  in  parallel  and  the  hold  control  is  switched  alternately 
between  the  two. 


A  suitable  SH  module  may  be  selected  for  a  particular  application  by  estimating  the 
maximum  "hold"  time,  the  minimum  time  between  release  of  one  hold  condition  and  setting 
of  the  next,  and  the  frequency  bandwidth  of  the  analogue  signal (s).  The  required  droop 
rate  is  then  the  required  resolution  divided  by  the  maximum  hold  time.  The  required 
maximum  settling  time  is  the  minimum  sampling  time,  but  this  may  be  relaxed  for  low 
bandwidth  analogue  signals.  In  such  cases,  a  pessimistic  estimate  of  the 
voltage  change  between  one  sample  and  the  next  may  be  obtained  front 


(v2  "  Vmax  04  2.fm.A.ta  1.4.11. 


where  fm  is  the  maximum  frequency  present  in  the  signal 

A  is  the  maximum  voltage  of  the  signal 

and  t  is  the  sum  of  the  maximum  hold  time  and  the  settling  time. 

(A  good  approximation  for  this  time  is  often  the  sampling  period.) 
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kiili  An»logw  r  Digital  converts  r» 


An  analogue  signal  la  converted  to  a  sequence  o£  digital  a up lea  by  a sapling  the  signal 
at  regular  intervals  using  a  a ample- hold  nodule  <  see  Section  1.4.6.)  and  by  converting 
each  sample  into  a  digital  value  representing  the  voltage  of  the  appropriate  sample. 

The  process  of  "digitising"  an  analogua  sample  is  effected  by  an  Analogue  -  Digital 
Converter  (ADC) . 


The  technique  used  for  the  conversion  process  depends  upon  the  intended  application!  the 
parameters  of  interest  being  coat,  accuracy  end  speed.  Techniques  which  are  used  in 
ADCs  which  are  available  commercially  include i 


-  Dual  Slope  integration.  Very  slow,  good  noise  rejection. 

-  Servo  Counter.  Cheap#  relatively  slow. 

-  Parallel.  Very  fast#  expensive. 


The  dual  slope  integration  technique  (figure  1.21)  compares  the  analogue  signal  with  a 
reference  voltage  by  integrating  the  input  signal  for  a  fixed  period  of  time,  and  then 
switching  a  reference  voltage  to  the  integrator#  counting  the  time  required  to  reduae 
the  output  of  the  integrator  to  the  start  value.  The  time  taken  ie  proportional  to 
the  input  voltage.  The  technique  can  be  very  accurate  (it  is  used  in  digital  voltmeters) 
but  it  is  relatively  expensive  to  implement  and  is  very  slow. 


The  servo  counter  (figure  1.22)  aonpares  the  output  of  a  digital-analogue  converter  (DAC) 
with  the  analogue  signal  and  adjusts  the  input  to  the  DAC  until  the  two  voltages  are 
equal.  The  technique  is  the  simplest  and  least  expensive  to  implement  but#  unless  a 
sophisticated  strategy  is  used  to  determine  the  input  to  the  DAC  (successive  approxim¬ 
ation)  ,  it  can  be  relatively  slow. 


An  analogue  signal  may  be  digitised  by  comparing  the  signal  with  each  of  a  number  of 
reference  levels.  If  each  reference  level  corresponds  to  a  transition  point  between 
one  quantisation  level  and  the  next#  then  the  conversion  process  a an  be  eff sated  very 
rapidly#  the  time  required  being  the  switching  time  of  one  comparator#  and  the  time 
taken  to  convert  the  IsL’al  thus  determined  to  a  digital  output.  This  is  the  technique 
employed  in  a  parallel  (or  “flash")  ADC  (figure  2.23).  It  is  very  fast  and  very  expensive 
to  manufacture,  since  a  comparator  is  required  for  each  quantisation  interval. 


The  parameter  of  major  importance  in  the  selection  of  a  suitable  ADC  is  the  resolution 
of  the  converted  signal.  The  output  of  an  ADC  may  take  the  form  of  a  binary  coded 
decimal  (BCD)  number  or#  more  commonly#  a  "pure"  binary  number.  Its  resolution  is 
limited  hy  the  number  of  bits  (length)  of  the  number#  as  shown  in  figure  1.20.  It  can 
be  seen  that  an  ADC  producing  a  binary  output  always  has  a  greatsr  resolution  than  one 
producing  BCD  for  a  given  number  of  bits. 


8  10  12  14 

Nord  Length  (inc.  sign) 


It  can  be  shown  that  the  finite  resolution  of  an  ADC  introduces  an  error  into  the  sampled 
signal.  This  has  an  RMS  value  oft 


d  y 
2/3 


volts 


1.4.12 


vh«re  AV  is  tha  voltagn  interval  batwaan  ona  quantisation  laval  and  tha  naxt.  Whan  a 
randoa  signal  is  baing  aanplad,  than  tha  RMS  valua  of  tha  signal  should  bs  no  sera  than 
ona  third  of  tha  aaxisnm  voltaga  of  tha  ADC.  Undar  this  favour abls  condition,  tha  ratio 
of  quantisation  arror  to  signal  laval  has  an  RMS  valuat 


vT  .  2"N 


1.4.13 


vhara  M  is  tha  numbar  of  bits  (including  sign)  output  by  a  binary  output  ADC. 


COMPARATOR 


DIGITAL  OUTPUT 


Piqura  1.22.  Schaaatlc  of  Sarvo  Counter  ADC 
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ill  Digital  Preprocessing 

Digital  sampled  data  sequences  obtainad  Cron  flight  trials  ars  sometimes  characterised 
byi 

-  an  in ad squats  sequence  langth 

-  an  inappropriate  acquisition  rata 

-  ths  praaanca  of  unwanted  signal  components 


An  inadaquata  saquanca  langth  inpliaa  that  no  part  of  tha  saquanca  should  be  rejected 
on  the  grounds  that  unwanted  components  are  present.  An  inappropriate  acquisition 
rate  nay  naan  that  analysing  the  sequence  as  it  stands  would  ba  very  expensive.  The 
presence  of  unwanted  signal  components  will  contaminate  processed  results  and  nay 
influence  conclusions  drawn  from  thorn. 


Under  these  circumstances,  it  is  imperative  to  have  tools  available  for  conditioning 
data  sequences  prior  to  processing  proper.  This  Section  describes  certain  cosmtonly 
used  processes  for  removing  unwanted  signal  components.  An  Introduction  to  the  more 
general  topia  of  digital  filtering  is  included,  and  the  Section  ends  by  describing 
techniques  for  operating  on  a  data  sequence  in  order  to  reduce  the  time  required  for 
subsequent  analysis. 


1.5.1.  Trend  Removal 


Random  data  sequanaes  are  sometimes  superimposed  upon  slowly  changing  deterministic 
functions.  It  is  normally  essential  to  remove  these  functions  prior  to  examining 
the  nature  of  the  random  component  in  order  to  eliminate  possible  contamination  of  the 
results.  An  efficient  method  of  removing  a  deterministic  function  is  to  identify  its 
characteristics  and  than  to  subtract  the  function  from  tha  data  ssquenae.  This  Section 
describes  the  techniques  which  may  be  used  to  identify  the  more  important  of  those 
deterministic  functions. 


1.5. 1.1.  Removal  of  a  Constant  Level 

It  is  assumed  that  tha  random  component  of  the  signal  under  investigation  is  stationary 
and  has  a  sero  average  value.  Than  that  random  component  may  ba  estimated  ast 

9<i)  •  y(i)  -  a  1.5.1. 

N 

Where  a  ■  1  V  y(i)  1.5.2. 

“  1-1 

a  is  defined  as  the  average  value  of  y. 


Tho  estimate  of  the  average  value  as  defined  by  1.5.2.  will  not,  in  general,  be  equal 
to  the  true  average  value  t,  defined  by  1.5.2,  in  the  limit  as  N-®.  This  is  beoause 
its  value  will  be  affected  by  the  presence  of  the  random  component.  A  detailed  assess¬ 
ment  of  the  uncertainty  of  mean  value  estimation  is  included  in  Appendix  E.  It  is 
concluded  that,  if  the  random  component  can  be  approximated  by  band  limited  white  noise 
(Section  2.3.)  of  bandwidth  a  Hz.,  then  ths  standard  error  of  the  estimate  of  a  is  given 
by  i 


1.5.3. 

2BT 

where  ?y  is  the  RMS  (root  mean  square)  value  of  the  random  component  (see  Section  2.3.) 
and  T  is  the  averaging  time  (-  Nh) .  Equation  1.5.3.  makes  ths  logical  statement  that  the 
averaging  time  required  to  achieve  a  given  standard  error  is  inversely  proportional  to 
the  characteristic  bandwidth  of  ths  random  component. 


It  is  important  to  consider  tha  accuracy  of  the  estimated  average  value  a,  because  this 
will  reflect  upon  the  validity  of  the  random  component  obtained  from  equation  1.5.1. 
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1.5. 1.2.  Removal  of  a  linear  trend 


It  ia  assumed  that  the  data  sequence  has  a  sero  average  value  (perhaps  as  a  result  of 
applying  equation  1.5.1.)  and  that  the  random  component  under  investigation  is 
stationary  and  has  no  low  frequency  components  which  might  be  interpreted  as  a  linear 
trend.  Than  a  linear  trend  may  be  removed  by  computing! 


y(i)  -  y  (i)  -  (i-m).b 

1.5.4. 

N-l 

Where 

b  -  3  .7  (i-m).y(i) 

1.5.5. 

m(2m+l) (m+1)  1*0 


and 

m  ■  N-l 

1.5.6. 

2 

As  was  the  case  for  estimates  of  average  value ,  estimates  of  the  parameter  defined  in 
equation  1.5.5.  will/  in  general/  be  subject  to  an  error  caused  by  the  presence  of  the 
random  component  of  the  signal.  The  standard  error  of  an  estimate  of  b  is  given  byt 

„  ; — is —  }*•  *» 

l2BT.m(2m+l)  (m+1) j 

where/  as  before/  ®y  is  the  RMS  value  of  the  random  component/  B  is  the  bandwidth  of  the 
(assumed  band  limited  white)  noisef  and  T  is  the  averaging  time. 


1.5. 1.3.  Removal  of  an  Exponential  Function 


It  sometimes  happens  that  the  characteristics  of  a  random  signal  are  required  when  the 
measurement  system  is  recovering  from  an  overload  condition.  When  the  transducer  is  a 
piaso-electrio  accelerometer  buffered  by  a  aharge  amplifier,  then  the  system  recovery 
characteristic  is  exponential.  For  this  reason  the  identification  of  an  exponential 
function  in  the  presence  of  a  random  signal  has  been  chosen  to  illustrate  techniques 
which  may  be  used  to  obtain  the  characteristics  of  more  general  deterministic  functions. 


It  is  to  be  assumed  that  the  random  component  of  a  signal  under  investigation  is 
stationary  and  is  defined  ast 


y(l)  -  y(i)  -  A. exp  (Bi) 


1.5.8. 


The  parameters  A  and  B  aze  to  be  determined.  The  first  step  is  to  calculate  the  rate 
of  change  of  the  function  with  respect  to  the  parameters,  that  isi 


J*f  »  exp  (Bi)  -  F(i)  ,  say  1.5.9. 

bt  ■  iA.exp  (Bi)  ■  G(l)  ,  say  1.5.10. 

d  B 


The  vector  y(i)  is  then  minimised  using  the  method  of  least  squares  by  setting  up  the 
following  linearised  equations! 


2F(i)2 
EF(i) .G(i) 


£FU).G(i) 

IG(i)2 


(i).(y(i)  -  A.exp  (Bi)) 
(i).(y(i)  -  A.exp  (Bi)) 


\ 


J 


1.5.11. 


Equations  1.5.11.  can  be  solved  to  determine  4A  and  4B,  incremental  values  which  must  be 
added  to  A  and  B  to  improve  an  initial  estimate. 


31 


In  order  to  use  the  technique.  Initial  estimate*  for  the  parameters  A  and  B  are  required 
and,  since  equations  1.5.11.  use  previous  estimates  of  A  and  B  to  obtain  updated  values, 
the  process  is  iterative.  A  test  for  convergence  is  to  compare  estimated  mean  square 
values  of  y(i)  (equation  1.5.8.)  and  to  terminate  the  iteration  when  successive 
estimates  differ  by  less  than,  say,  one  per  cent. 


Estimates  for  the  standard  errors  of  the  parameters  A  and  B  can  be  obtained  by  computing 
the  matrix i 


I  F(i)2 

SF(i).G(i) 

-1 

- 

K1 

k2  ' 

£F(i).G(i) 

IG(i)2 

*3 

K4  . 

extracting  the  leading  diagonal  elements,  and  multiplying  their  square  roots  by  the  root 
mean  square  value  of  y(i) .  Hence t 

£a  “ 

1.5.13. 

and  «  g 

where,  as  before,  "y  is  the  RMS  value  of  y(i) . 


The  above  process  is  quite  general  and  may  be  used  to  define  the  parameters  of  any 
deterministic  function,  provided  that  the  derivatives  of  the  function  with  respeat  to 
the  unknown  parameters  (equivalent  to  equation  1.5.9.  and  1.5.10.)  can  be  calculated. 


It  may  be  noted  that  the  problem  of  identifying  an  exponential  funtion  could  be 
linearised  (and  hence  made  non-iterative)  by  re-writing  equation  1.5.8.  as  follows: 

y(i)  -  y(i)  -  A. exp  (Bi)  1.5.14. 

and  taking  the  logarithm  of  both  sides  to  yieldi 

ln(  y(i)  -  y(i)  )  -  In  A  +  Bi  1.5.15. 


Equation  1.5.15.  may  be  solved  to  yield  estimates  of  A  and  B  byA regression  analysis. 

However  difficulties  are  likely  to  be  encountered  when  (y(i)  -  y(i))  is  close  to  zero, 
and  the  estimation  problems  described  by  equations  1.5.8.  and  1.5.15.  are  different: 
the  first  implies  thatl’y2(i)  is  to  be  minimised,  and  the  second  that 
£{ln(y(i)  -  y(i))  -  In  A  -  Bi)2  is  to  be  minimised.  The  first  difficulty  can  be 
overcome  by  temporarily  adding  a  known  offset  to  all  data  points  and  restating  the  problem, 
but  the  second  will  give  rise  to  biased  estimates  of  the  parameters  A  and  B.  Therefore, 
the  formulation  of  equation  1.5.15.  is  not  to  be  recommended  as  a  technique  for  extracting 
an  exponential  function  (at  least  for  the  present  application.) 


1.5. 1.4.  Removal  of  a  Trend  by  Spline  Fitting 


When  the  "deterministic"  (i.e.  unwanted)  component  of  a  signal  cannot  easily  be  described 
by  an  explicit  function,  then  it  is  tempting  to  consider  using  a  polynomial  function  to 
desariba  the  deterministic  component.  If  the  component  has  a  complicated  shape  then 
high  order  polynomial  functions  may  be  necessary  to  describe  the  component  adequately. 
Now,  high  order  polynomials  can  be  unstable  unless  their  shape  is  controlled  in  some  way. 
One  method  of  stabilising  a  high  order  polynomial  fit  is  to  use  splines. 


The  term  spline  originated  from  the  engineer's  tool  whioh  is  widely  used  to  interpolate 
smoothly  between  calculated  points  (eg  constructing  an  aerofoil  shape) .  The  engineer's 
spline  consists  of  a  uniform  flexible  beam  which  is  constrained  to  pass  through  the 
calculated  points  (nodes),  but  is  not  constrained  (in  general)  in  any  other  way  (i.e. 
the  slope  of  the  beam  at  the  nodes  is  not  constrained) .  Clearly  the  shapo  taken  up  by 
the  beam  is  stable,  since  it  will  obey  the  "minimum  strain  energy”  principle. 


Mathematician*  have  seised  upon  the  principle  of  the  engineer's  spline  and  have  gener¬ 
alised  the  concept*  so  that  almost  any  funation  can  now  be  defined  and  used  as  a  "spline1 
The  concept  of  "minimum  energy"  remains. 


In  this  Section*  the  concept  of  spline  fitting  in  the  presence  of  noise  is  introduced  by 
application  of  the  traditional  engineer's  spline  to  the  problem  of  removing  a  trend. 


Consider  a  uniform  beam*  unloaded  except  by  shear  forces  and  momements  applied  to  the 
ends  as  shown  in  figure  1.24. 


Figure  1.24. 


The  deflection  anywhere  along  the  beam  may  be  determined  if  the  applied  loads  (L. ,  L-) 
and  moments  (M1#  M2)  are  lenown.  Alternatively,  the  deflection  may  also  be  calculated  if 
the  deflections  (W^,  W2)  and  rotations  (dj,  *  ©3)  at  either  ends  of  the  beam  are  known. 


It  may  be  observed  that*  with  r.o  applied  loads  except  at  the  ends*  the  shear  foroe  (S) 
along  the  beam  is  constant.  Since 


a  «* 


*> 

d^w 


d? 


a  constant* 


it  follows  thati 


w 


a  +  bx  + 


cx 


+  dx3 


1.5.16. 


and 


e 


dw  «■  b  +  2cx  +  3dx2 
dx 


1.5.17. 


Equations  1.5.16.  and  1.5.17.  define  the  deflection  and  the  slope  anywhere  along  the  beam 
element  once  the  coefficients  have  been  determined.  These  can  be  expressed  readily  in 
terms  of  the  node  deflections*  W^,  by  applying  suitable  node  conditions.  These  might  be* 
for  example* 


zero  end  slope  (enaastre) t  6*0 

zero  bending  moment*  d©  ■  0 

3x 

zero  bending  moment  induced  across  the  ith  node* 


where  x  refers  to  the  ith  beam  element*  and  x'  refors  to  the  (i+l)th  element. 


The  first  two  conditions  are  relevant  for  the  first  and  last  nodes  of  a  multi-node 
spline.  The  last  can  be  applied  at  eaah  of  the  intervening  nodes.  Thus,  for  example* 
if  a  spline  having  four  equally  spaced  nodes  and  pin-jointed  ends  (zero  moment)  has 
deflections  at  each  node  Wi,  W2*  W3,  W4  and  rotations  ©£  *  ©2*  ©3*  ©4*  then  application 
of  the  appropriate  end  conditions  gives t 
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1.5.18. 


In  general,  the  end  rotations  may  always  be  expressed  In  terms  of  the  node  deflections 
using  matrix  equations  having  the  form: 


c.ev 


or 


The  position  of  any  point  along 
forms 


d.Wn 

c"}d.Wn  -  E.Wn,  say  1.5.19. 

the  spline  can  be  computed  using  equations  having  the 


w(x)  -  A(x) .WN  +  b(x).8n  1.5.20. 


where  WN  and  eN  are  the  (nxl)  vectors  of  the  n  node  deflections  and  rotations.  A(x)  and 
B (x)  are  (lxn)  row  vectors  in  which  it  is  understood  that  the  elements  are  all  null  except 
for  the  two  corresponding  to  the  nodes  at  either  end  of  the  appropriate  beam  element 
(dependent  upon  the  value  of  x.)  Equation  1.5.20.  may  be  evaluated  for  each  of  m  locations 
along  the  beam,  and  the  results  can  be  listed  as  an  (mxl)  vectors 


w 


F.W„ 


G.e* 


1.5.21. 


Here  F  and  G  are  (mxn)  arrays,  each  row  corresponding  to  one  position  along  the  spline. 


Equation  1.5.21.  can  be  used  to  interpolate  between  any  set  of  coordinates.  The 
validity  of  the  result,  however,  depends  directly  upon  the  validity  of  the  original 
information.  An  alternative  application  of  equation  1.5.21.  is  to  determine  estimates 
of  W.  given  "noisy*  values  of  w.  This  can  be  effected  using  the  method  of  "least  square 
errors",  provided  that  the  random  component  constituting  the  noise  has  a  Gaussian 
distribution  with  a  zero  mean  value,  and  provided; that  m  is  much  greater  than  n.  When 
this  is  the  case,  then  equation  1.5.21.  can  be  w'ritteni 


Hence s 


or 


(F  +  G.E)?w 


Wv 


(F  +  G.E) ,WN  (from  equation  1.5.19.) 

(F  +  G.E)T(F  +  G.E) .WN 

[(F  +  G.E)T(F  +  G.E)]”i(F  +  G.E)Tw 


1.5.22. 

1.5.23. 

1.5.24. 


Once  estimates  of  the  node  deflections  have  been  determined  using  equation  1.5.24.,  then 
equation  1.5.21.  can  be  used  to  isolate  the  random  component  of  w. 


Spline  fitting  aan  thus  be  used  to  identify  the  deterministic  component  embedded  in  random 
data  by  assuming  that  the  random  component  is  normally  distributed  about  a  zero  mean, 
and,  incidentally,  that  it  has  no  significant  energy  in  the  bandwidth  of  the  deterministic 
component.  If  these  conditions  are  satisfied  then  the  method  of  least  squares  can  be 
used  to  estimate  the  node  deflections  which  result  in  the  "best"  spline  fit  of  the  data 
once  suitable  positions  for  the  nodes  have  been  chosen.  These  may  be  chosen  arbitrarily, 
or  may  be  chosen  to  suite  particular  "events"  in  the  deterministic  component. 


1.5,2.  Digital  Filtering 


Where  the  characteristic  of  a  digital  data  sequence  is  such  that  trend  removal  is  not  a 
practical  proposition,  then  digital  filtering  can  be  used  to  remove  undesirable  signal 
components.  Digital  filtering  is  also  used  to  develop  praotioal  integrators  and 
differentiators,  and  in  conditioning  a  data  sequence  prior  to  decimation  (see  Section 
1.5.6.)  and  "zoom*  spectral  analysis  (see  Section  2.4.). 
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A  great  deal  of  theoretical  work  haa  been  published  on  the  subject  of  digital  filtering 
(see,  for  example,  references  1.6.  and  1.7.),  much  of  it  involving  complicated  mathemat¬ 
ics?.  analysis.  The  purpose  of  this  section  is  to  Introduce  the  main  concepts  of  time 
domain  digital  filtering  and  to  show  how  these  concepts  fit  in  with  more  esoteric 
design  procedures. 


1.5. 2.1.  First  Order  Low  Pass  Filter 


An  electrical  "RC"  first  order  low  pass  filter  his  the  following  characteristic  equation! 


T.f  +  y  -  f(t)  1.5.25. 


where  f(t)  is  the  input  signal 

y  is  the  output  of  the  filter 
and  T  is  the  Time  Constant  of  the  filter. 


The  task  is  to  derive  a  simple  transfer  equation  to  implement  1.5.25.  for  a  sampled  data 
sequence  y(i) . 


Equation  1.5.25.  can  be  re-written  as  follows: 

y  -  1  ffc  (f (t)  -  y) .dt  1.5.26. 

T  1 0 


This  may  be  written  in  terms  suitable  for  applying  to  a  digital  data  sequence  by  pre¬ 
suming  that  the  integration  can  be  performed  with  sufficient  accuracy  using  the  "trap¬ 
ezoidal"  rule,  which  states  that  the  area  contained  within  two  sampled  points  is  the 
average  value  of  the  two  samples  multiplied  by  the  distance  (or  time)  between  them. 
Thus: 


JT  y.dt  *  h^y(o) 


W-l 

+  2.  I  y (i)  +  y(N) 

i-1 


1.5.27. 


where  h  is  the  sampling  interval,  and  T  translates  to  h.N  seconds.  Hence  equation 
1,5.26.  becomes 


y(N) 

“  -[ 
2T  l 

f  (o)  -  y  (o) 

N-l 

+  2.  I 
i-1 

(f(i)  -  y(i) ) 

+  £(N)  -  y  (N)j 

or  y(N) 

“  hi 

2T  1 

f(o)  -  y(o) 

’N 

♦  2.  1 
i-1 

(f(i)  -  y (i) ) 

-  f(N)  -r  y(N)j 

but 


y(N-l) 


N- 

hf  f (o)  -  y(o)  +  2.  I  (f (1) 

2T  l  i- 


1 


y(i)) 


f  (N-l)+y(N-l)J 


1.5.30. 


subtracting  1.5.30. 


from  1.5.28.  and  rearranging  gives: 


y(N)  -  1  -  h/2T.  y(N-l)  +  h/2T  .  (f(N-l)  +  £(N)) 

1  *  5?/2T  (1  +  h/2T) 


1.5.31. 


This  is  a  recursion  formula  for  implementing  a  low  pass  filter  in  the  time  domain.  It 
is  efficient  in  so  far  as  only  the  current  and  one  previous  time  period  values  are  needed 
to  compute  the  current  output  (information  about  time  periods  prior  to  those  are  contained 
implicitly  in  y(N-l)).  The  recursion  formula  given  by  1.5.31.  is  identical  in  form 
to  that  obtained  in  the  literature  using  very  elegant  and  complicated  transformations. 

It  ic  not  always  obvious  from  these  that  the  fundamental  assumption  has  been  made  that 
trapezoidal  integration  is  sufficient  for  computing  the  output  of  the  filter  (discussions 
on  this  aspect  may  be  found  in  Reference  1.6.). 
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Equation  1.5.31.  may  ba  converted  into  a  practical  integration  formula; by  multiplying 
the  f  terms  by  the  time  constant  T  (c.f.  equation  1.5.25.).  This  then  becomes t 


y(N)  -  1  ~  h/2T.  y(N-l)  +  h/2  .  (f(N-l)  +  f(N)) 

1  +  h/2T  (1  +  h/2T) 


1.5.32. 


In  the  limit  as  the  time  constant  tends  to  infinity,  equation  1.5.32.  becomes! 


y(N) 


y(N-l) 


(f(N-l) 


+  £ (N) ) 


1.5.33. 


which  is  the  standard  result  for  trapezoidal  integration.  Equation  1.5.32.  is  better 
behaved  than  1.5.33.  when  experimental  data  are  to  be  integrated  because  of  the 
problems  introduced  by  spurious  offsets  in  y  (see  section  1.5. 1.1.).  Any  offset  in  the 
data  will  cause  the  integral  as  defined  by  1.5.33.  to  "run  away*,  whereas  the  offset  will 
simply  be  multiplied  by  T  if  equation  1.5.32.  is  used,  once  the  filter  has  stabilised. 


1.5.2. 2.  Second-Order  Low-Pass  Filter 


A  recursive  algorithm  for  implementing  a  second  order  low  pass  filter  in  the  time  domain 
may  be  developed  using  a  method  similar  to  that  described  for  a  first  order  low  pass 
filter  (and  including  the  same  assumptions) .  I 


Assuming  tho  general  characteristic! 


v  +  _2£.}  +  y  -  f(t)  1.5.34. 

(2*f0)2  2/rfQ 

(i.e.  a  unity  gain  filter  with  natural  frequency  fQ  Hz.  and  damping  factor  £  ) ,  then 
the  following  recursive  algorithm  may  be  derived! 


y(N)  -  K^yUl-l)  +  K2.y(N-2)  +K3.(f(N)  +  2.f(N-l)  +  f(N-2))  1.5.35. 

* 

Where! 

K-l  -  2.(1-  <2*f0h/2)2 

(1  +£2*fQh  +  (2nf0h/2)2) 

K2  -  -(1  -£2*fph  ♦  (2nfph/2)2)  1.5.36. 

(1  +  £2*f0h  +  (2n£0h/2) 2) 

K3  -  _ (2*fQh/2)2 

(1  +£2*f0h  +  (2*f0h/2)2) 


Equation  1.5.35.  may  be  converted  into  a  pratical  double  integration  algorithm  by 
dividing  the  factor  Kg  by  (2*f0) 2  (see  equation  1.5.34.)  The  function  resulting  from 
application  of  this  algorithm  is  the  true  double  integral  of  the  data  sequence  (within 
the  limitations  imposed  by  the  trapezoidal  rule) ,  but  filtered  by  a  second  order  high 
pass  filter  having  a  natural  frequency  £q  Hz.  and  a  damping  factor  £ . 


Equation  1.5.35.  may  be  converted  to  a  true  double  integration  algorithm  by  dividing  K3 
by  (2«f0)2  and  then  setting  fc  ~  o.  This  yields, 

y(N)  -  2.y (N-l)  -  y (N-2)  +  h?^(N)  +  2.?(N-1)  +  y(N-2)}  1.5.37. 


which  is  the  standard  result  for  double  integration  assuming  trapezoidal  integration. 
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1.5. 2. 3.  The  General  Form  for  Digital  Filters 

The  results  of  section  1.5. 2.1.  and  1.5. 2. 2.  are  two  examples  of  the  more  general 
algorithm! 


y(N) 


f(N)  + 


b(i).y(N-i) 


+  c(i).f(N- 


-1,} 


1.5.38. 


where  Q  Is  the  order  of  the  filter.  The  coefficients  may  be  selected  to  yield  low  pass, 
band  pass,  or  high  pass  filters  to  any  order. 


1.5.3.  Transducer  Correction  Filters 


Many  types  of  transducer  possess  the  secondary  (but  not  necessarily  undesireable)  charac¬ 
teristic  of  f iltering_ the  signals  being  sensed.  Examples  are  linear  and  angular  accel¬ 
erometers,  pressure  transducers  and  rate  gyros.  When  this  proves  to  be  an  embarrassment, 
and  when  the  characteristics  of  the  signal  are  to  be  described  in  the  frequency  domain, 
then  the  effects  of  the  filter (s)  can  be  removed  most  easily  after  the  frequency  domain 
description  has  been  obtained.  The  situation  is  rather  more  complicated  when  other  types 
of  analysis  are  of  interest.  When  such  is  the  case,  then  it  may  be  desireable  to  remove 
the  offsets  of  transducer  (and  any  other)  filters  in  the  time  domain  prior  to  analysis. 


In  principle,  the  objective  of  time  domain  filter  correction  is  to  subjeat  the  signal  in 
question  to  a  synthesised  filter  having  precisely  the  "inverse"  properties  of  the  un¬ 
wanted  signal  filter.  As  an  illustration,  suppose  that  the  transducer  acted  as  a  second 
order  low  pass  filter  having  the  form 


f  +  2 &  .1  +  x  -  y(t)  1.5.39. 

<2»f0)2  2»f0 


where  y(t)  represents  the  unfiltered  signal,  and  x  represents  the  signal  as  output  by  the 
transducer.  It  is  dear  that  y  aan  be  reconstructed  provided  that  the  first  and  second 
derivatives  of  x  aan  be  computed,  and  provided  also  that  the  natural  frequency  (f0)  and 
damping  coefficient  ( £  )  of  the  transducer  are  known. 


One  method  of  estimating  the  first  and  second  derivitives  of  a  sample  data  sequence,  using 
only  "past"  data  is  to  construct  a  parabola  passing  through  the  aurrent  point  and  the 
previous  two  points.  The  parabola  may  then  be  differentiated  twice  to  yield 


*(i) 


2K 


1  .|:3.x<i)  -  4.x(i-l)  +  x  ( i— 2)  J 


1.5.40. 


and 


*(i) 


“  Mx 


(1)  -  2.x(i-l)  + 


x(i-2)  j 


1.5.41. 


These  can  be  substituted  into  equation  1.5.39.  to  give,  after  some  rearrangement. 


y(i)  -  x(i) . 


1  +  3£ 


2.x(i-l) . 


x(i-2)  . 


2*f0h 


2t  + 
2»f0h 


2"*oh 


(2xf0h)  ‘ 

J. _ 

<2*foh>2 

JL _ 

(2xf  h) 2  J 


1.5.42. 
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A  few  words  of  caution  are  necessary  at  this  point.  In  the  majority  of  cases,  signals 
presented  for  processing  are  corrupted  by  "noise"  (spurious  signal  components)  which 
has  been  introduced  after  the  transducer.  When,  as  is  usual,  the  bandwidth  of  the  noise 
extends  to  frequencies  where  the  transducer  output  is  attenuated  significantly,  then 
components  in  this  region  will  be  amplified  when  the  signal  is  corrected  by  the  method 
outlined  above. 


When  the  presence  of  injected  noise  causes  problems,  then  a  less  ambitious  procedure  may 
be  adopted  in  which  it  is  assumed  that  the  acceleration  term  in  equation  1.5.39.  can  be 
neglected  (the  term  becomes  insignificant  at  very  low  frequencies) .  Here,  individual 
samples  can  be  assumed  to  be  connected  by  straight  lines  to  yieldt 


*(i) 


l.Jx(i)  -  x(i-l) 


1.5.43. 


which,  from  equation  1.5.39.,  yields 


the  following  correction  formulas 


y(i) 


x(i) . 


2i 


2"*oh 


-  x(i-l) . 


1.5.44. 


The  examples  outlined  above  are  intended  to  illustrate  the  approach  to  be  followed 
when  it  is  necessary  to  correct  data  in  the  time  domain  for  the  effects  of  filtering 
introduced  during  the  measurement  process.  It  must  be  emphasised  that  the  approach  is 
fraught  with  difficulties,  some  of  which  have  been  noted,  so  that  the  technique  should 
be  considered  only  as  a  last  resort. 


1.5.4.  Optimal  Filters 


The  filters  described  in  the  proceeding  Sections,  in  general,  make  no  explicit  use  of 
any  knowledge  which  may  exist  about  the  processes  which  gave  rise  to  the  signals  to  be 
processed.  When  such  knowledge  does  exist,  and  appropriate  additional  measurements  are 
available,  then  the  various  components  of  a  signal  can  be  separated  in  a  satisfying,  and 
often  highly  reliable,  way  using  the  concept  of  optimal  filters. 


The  simple  example  shown  diagrammatical ly  in  figure  1.25.  can  be  used  to  illustrate  the 
principle  of  optimal  filtering.  It  is  assumed  here  that  the  measured  output  y(t) 
consists  of  a  random  component  n(t)  added  to  a  deterministic  component.  The  deterministic 
component  is  the  function  u(t) ,  filtered  by  the  system  having  a  transfer  function  H. 

If  the  function  u(t)  can  be  measured  at  the  same  time  as  the  signal  y(t),  and  the  system 
transfer  funation  is  known  precisely,  then  the  deterministic  component  of  y(t)  can  be 
computed  and  subtracted  directly  from  y(t)  to  yield  n(t) . 


Practical  complications  arise  when  the  parameters  of  the  transfer  function,  H,  are  not 
known  accurately.  It  is  then  necessary  to  apply  the  measurements  to  the  task  of  estimat¬ 
ing  at  loast  soma  of  the  parameters  of  H.  This  con  be  achieved,  under  certain  circumst¬ 
ances,  by  minimising  the  mean  square  value  of  the  random  component  estimated  by  subtract¬ 
ing  the  computed  output  of  the  system  from  the  measured  output  y(t). 


The  principle  of  optimal  filters  was  originally  published  in  1960  (reference  1.8.)  and  was 
first  applied  to  the  solution  of  complex  navigation  problems.  However  it  is  now  being 
used  in  a  wide  variety  of  applications,  and  publications  on  the  subject  are  extensive. 
References  1.8.  to  1.11.  describe  typical  applications  in  aircraft  flight  testing. 


Figure  1.25 


1.5.5 


Interpolation 


A  sequence  of  data  samples  is  normally  considered  to  represent  discrete  values  of  a 
function  at  corresponding  values  of  an  independent  variable  (for  example*  time  or  freq¬ 
uency.)  The  samples  themsolves  may*  or  may  not*  be  considered  to  be  exactly  represent¬ 
ative  of  the  function*  but  the  independent  variable  is  almost  always  assumed  to  be  known 
exactly.  The  latter  assumption  is  required  for  the  majority  of  techniques  described  in 
this  manual. 


Interpolation  is  the  process  in  which  a  number  of  conseautive  data  samples  is  used  to 
estimate  the  value  of  the  underlying  function  at  one  or  more  prescribed  values  of  the 
independent  variable.  Examples  in  which  interpolation  may  be  required  arei 

-  aligning  samples  obtained  from  the  various  channels  of  a  sequentially 

sampled  digital  measurement  system 

-  modifying  the  frequency  interval  between  successive  estimates  of  a 

frequency  response  function. 

The  process  may  involve  the  conscious  removal  of  unwanted  signal  components  (noise) 
by  filtering.  In  any  case,  interpolation  requires  that  a  suitable  function  be  chosen 
which  deBaribes  the  behaviour  of  a  selected  group  of  samples. 


It  may  be  demonstrated  (see  the  comments  made  in  Section  1.4.4.)  that  an  infinite  number 
of  functions  exist  which  describe  precisely  a  particular  sequence  of  samples.  As  a 
consequence  no  exact*  or  even  "best*,  solution  to  the  interpolation  problem  generally 
exists  unless  the  form  of  the  required  function  can  be  specified  from  physical  consider¬ 
ations.  A  corollary  to  this  statement  is  that  the  selection  of  an  interpolation  function 
will  automatically  impose  constraints  upon  the  results  obtained  from  the  process. 


The  purpose  of  this  Section  is  to  present  several  interpolation  techniques  and  to  discuss 
their  relative  merits.  The  selection  is  by  no  means  exhaustive. 


1.5. 5.1.  Linear  Interpolation 


It  is  assumed  in  this  case  that  the  signal  alters  its  value  linearly  between  each  pair  of 
samples.  Clearly  this  is  not  a  particularly  satisfactory  assumption  because  it  implies 
that  the  derivative  of  the  signal  takes  the  form  of  a  histogram,  as  shorn  in  figure  1.26 
with  an  abrupt  change  of  value  at  each  sample  point. 


Figure  1.26.  A  Typical  Signal  yd  its  Derivative  Implied  bv 
the  Assumption  of  Linear  Interpolation. 
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It  la  required  to  find  the  value  of  the  signal  y  at  a  point  x  given  two  samples  yQ  et  x0 
and  yi  at  x,,  as  shown  in  figure  1.27*  as turning  that  a  straight  line  oonneots  the  two 

samples. 


When  the  interval  between  samples  of  a  data  sequence  y(i)  is  h,  and  it  is  required  to 
generate  a  new  data  sequence  y(i),  each  element  of  which  is  delayed  by  k.h. (k**  1)  with 
respect  to  the  original  sequence*  then  equation  1.5.46  can  be  used  to  derive! 


y(i)  -  (l-k).y(i)  +  k.y(i  +  1) 


1.5.47. 


This  is  the  relationship  which  is  most  commonly  used  to  align  multiplexed  sequences  in. 
which  the  multiplexing  process  introduces  known  time  delays  between  one  channel  and 
another.  It  should  be  noted*  however,  that  the  alignment  can  be  effected  in  the  frequency 
domain  if  the  data  are  to  be  described  in  that  way.  For  example*  if  the  frequency  res¬ 
ponse  function  (FRF)  of  one  sequence  relative  to  another  has  been  estimated  (see  Section 
2.4.3.)*  and  the  time  delay  of  the  first  relative  to  the  second  is  kh*  then  the  phase  of 
the  N- length  FRF  should  be  corrected  as  follows  (see  Appendix  A.2.2.)i 


e(i)  -  e(i)  +  k. 360.1  i  »  0(1) N-l  degrees  1.5.48. 

N 


The  modulus  of  the  FRF  is  unchanged 


k±h.h.U  QWiratlc  Interpolation 


it  la  to  ba  uivMd  bar*  that  tha  intarpolation  function  has  tha  ganaral  form 


o 

y  ■  a  +  bx  +  cx  1.5.49. 


In  ordar  for  this  to  b«  useful  as  an  intarpolation  function  it  is  naoassary,  in  ganaral, 
for  tha  valuas  of  tha  paraa&tars  a,  b,  ami  c  to  vary  batwaan  suocassiva  pairs  of  aaaplas, 
or  at  laast  batwaan  groups  of  thraa  sauplas,  tha  minimum  nunbar  raquirad  to  camputa  tha 
parameters. 


A  quadratic  intarpolation  function  which  pasaas  through  thraa  sats  of  coordinatas  (x(>,y0) 
(xi, yi)  and  1*2, y 2) ,  as  shown  in  figura  1.28.,  has  parameters  which  ara  givan  byi 


yo  - 

b*x0  - 

c.xj 

1.5.50 

<*1- 

*2>*<Y0  " 

Yl>  - 

<x2“ 

xl> 

•  (yx  - 

£2> 

1.5.51 

<X1 

x2).(xQ  - 

Xj^)  - 

<4- 

a  (j£^  * 

<X1  “ 

x2) • <Y0  “ 

Yl>  - 

<xo  - 

xl> 

y2) 

1.5.52 

(X1  - 

x2) .  (X*  - 

" 

(xo  - 

xl> 

•  (xj  - 

Tha  apparent  oonplaxity  of  thasa  aquations  nay  ba  raduaad  considerably  by  assuming  a 
constant  intarval  of  h  batwaan  suocassiva  sauplas,  and  by  replacing  x  by  (x  -  x  ) . 
Than  tha  axprassions  for  tha  parameters  become t  0 


*  “  Yr 


1.5.53. 


b  -  1.  (4.y,  -  3.y  -  y,) 

2h 


1.5.54. 


C  "  2^‘(yo  +  ^2  -2-yi> 


1.5.55. 


so  thati 


-  yQ  +  M.yx  -  3.y0  -  y2)  +  k: 2.  (ye  +  y2  -  2.yx) 


1.5.56. 


where 


k  »  x  -  x. 


(0  <  k  <  2) 


1.5.57. 


An  alternative  formulation  may  ba  derived  by  replacing  x  in  aquation  1.5.49.  by  (x  -  x.) , 
rather  than  (x  -  xQ) ,  This  yields  tha  following  expression  for  yi  1 


Y  -  Yi  +  (Y2  -  Y0>  +  *2. <Y0  “  2.yx  +  y2) 


1.5.58. 


where 


k  - 


(-1  Ck  <  1) 


1.5.59. 


Tha  method  of  intarpolation  dascribad  above  has  tha  unsatisfactory  characteristic  that 
tha  derivative  of  tha  function  is,  in  ganaral,  discontinuous  at  alternative  samples,  as 
shown  in  figure  1.29. (curve  A.) 
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This  characteristic  may  ba  improved  somewhat  by  using  a  degenerate  form  o£  the  spline 
described  in  Section  1.5. 1.4.  In  this  application  the  spline  is  to  be  fitted  between  'n' 
successive  samples,  is  to  behave  in  a  quadratic  manner  between  each  pair  of  samples,  and 
is  to  have  a  derivative  which  is  continuous  for  all  values  of  the  independent  variable 
within  boundaries  implied  by  the  group  of  selected  samples.  The  form  of  the  function 
is  again  to  bet 

2 

y  -  a  +  bx  +  cx  1.5.60. 


and  6  “  dy  ■»  b  +  2cx  1.5.61. 


here,  the  values  of  the  parameters  are  defined  if  the  deflection  (y)  and  slope  (•)  of 
the  spline  at  each  node  (sample)  are  known. 


The  deflections  are,  of  course,  the  values  of  the  samples  themselves,  whilst,  for  a  5  node 
spline  with  samples  spaced  h  apart,  the  slopes  are  given  byt 
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An  interpolated  value  may  then  be  calculated  as> 


y 


y(i)  +  (h.e(i)j.k  +  (0(i+l) 


e(D)  .hk 


1.5.63. 


where  k  -  x  -  x(i)  ,  x(i)  4  x  <x(i+l) 


1.5.64. 


h 


The  effect  of  using  a  quadratic  spline  is  shown  in  figure  1.29.  (curve  B) .  It  will  be 
observed  that,  for  the  example  presented,  the  quadratic  spline  generates  a  function 
whiah  deviates  considerably  between  samples. 


1.5. 5. 3.  Cubic  Interpolation. 


The  rather  unsatisfactory  characteristics  of  quadratic  interpolation  may  be  improved 
considerably  if  cubic  interpolation  is  employed,  particularly  if  the  spline  described 
in  Seation  1,5. 1.4.  is  used.  For  a  time  history,  the  cubic  spline  ensures  that 
acceleration  (the  second  derivative  of  the  function)  is  continuous  and  varies  linearly 
between  one  sample  and  the  next.  In  the  absence  of  other  information,  the  cubic  spline 
has  considerable  aesthetic  appeal  (see  figure  1.29.,  curve  C) ,  but  it  should  be  recalled 
that  the  results  produced  by  its  application  are  only  estimates,  in  general,  and  the 
additional  computation  required  as  compared  with,  say,  linear  interpolation  may  not  be 
justified. 


For  the  record,  an  interpolation  algorithm  based  upon  the  cubic  spline  and  interpolating 
between  samples  y(i)  and  y(i+l)  using  samples  y(i-l)  to  y(i+2)  inclusive  can,  for  equally 
spaced  samples,  be  obtained  from  the  followingi 


y(k)  -  J.1  ,  k  ,  k2  ,  k3J.U].(y<i-l) 

/  yd) 

I  y(i+l) 

[y(i+2), 


1.5.65. 


1.5.6 


Decimation 


The  tern  decimation  is  used  to  describe  the  process  in  which  the  interval  between  adjacent 
samples  of  a  data  sequence  is  increased.  The  sequence  resulting  from  decimation  has 
fewer  samples  than  the  original.  Decimation  may,  therefore,  be  used  when  it  is  required  toi 


-  reduce  a  data  sequence  to  a  more  manageable  length, 

-  adjust  the  time  interval  between  samples  of  a  time  domain  sequence  so  that 
the  interval  between  estimates  is  more  appropriate  after  the  sequence  has 
been  transformed  into  the  frequency  domain, 

-  perform  "octave  band*  frequency  domain  analysis. 


The  effect  of  decimation  is  to  reduce  the  folding  frequency  of  the  sequence  (see  Section 
1.4.)  It  therefore  follows  that,  if  aliasing  is  to  be  avoided,  any  frequency  components 
which  might  lie  above  the  new  folding  frequency  must  be  removed  before  decimation  is  1 
attempted. 


The  tools  required  to  effect  the  necessary  filtering  and,  possibly,  interpolation  have 
been  introduced  in  the  preceeding  Sections. 
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CHAPTER  2  ANALYSIS  TECHNIQUES 


2.1.  Introduction 


The  purpose  of  this  Chapter  la  to  Introduce  the  techniques  more  commonly  encountered  when 
analysing  random  data.  The  techniques  are  explained  at  a  heuristic  level  and*  where  this 
is  possible*  the  mathematical  specifications  of  the  techniques  are  developed  from  this 
explanation.  Mathematical  development  of  the  specifications  from  statistical  principles 
is  relegated  to  Appendices  or*  where  this  is  considered  to  be  beyond  the  scope  of  the 
Volume*  references  to  publications  which  contain  the  appropriate  development  are  included. 
Also  included  are  expressions  which  allow  estimates  to  be  made  of  the  reliability  of 
results  obtained  from  each  technique. 


2.2.  Fundamental  Concepts 


Experimental  data  is  frequently  categorised  as  being  either  deterministic  or  random.  In 
an  ideal  world  there  should  be  no  problems  in  deciding  whether  data  obtained  from  a  trial 
lies  in  one  category  or  in  the  other i  deterministic  data  is  obtained  from  experiments  in 
which  all  the  variables  are  measured  and/or  controlled*  whereas  random  data  is  obtained 
from  experiments  in  which  certain  variables  cannot  be  measured  and  therefore  cannot  be 
controlled.  In  the  former  case  it  is  possible  to  fit  functional  relationships  to  the 
data  on  a  point-by-point  basis*  but  useful  information  can  be  extracted  in  the  latter  case 
only  by  averaging  the  data  in  an  appropriate  way. 


Of  course*  the  real  world  is  by  no  means  ideal  and  data  obtained  from  flight  trials 
contains,  in  general,  both  deterministic  and  random  components.  The  reasons  for  this  are 
that  it  is  not  possible  to  control  all  the  variables  which  may  contribute  to  the  measure¬ 
ments  and  that  even  if  this  were  so*  no  element  in  a  measurement  system  performs  exactly 
in  the  manner  it  was  designed  to  do.  In  this  situation  flight  test  data  is  often 
categorised  as  being  deterministic  or  random  as  muah  according  to  the  manner  in  which  it 
is  to  be  analysed  as  to  the  character  of  the  data  itself. 


This  Volume  is  devoted  to  the  analysis  of  random  data  which,  in  the  light  of  the  above 
statements,  means  that  it  is  concerned  with  ways  by  which  the  relevant  characteristics 
of  the  data  may  be  expressed  in  terms  of  averages  computed  from  the  data.  Such  averages 
may  be  more  or  less  representative  of  the  phenomenon  under  investigation*  and,  where  this 
is  in  doubt*  the  trials  should  be  organised  so  as  to  ascertain  whether  or  not  this  is  the 
case.  Moreover,  the  precision  to  which  averages  can  be  estimated  depends  upon  the 
averaging  time  and  upon  the  properties  of  the  signal  being  averaged.  No  average  should 
be  considered  to  be  complete  without  an  estimate  of  this  precision.  The  remainder  of  this 
Section  is  devoted  to  the  properties  of  random  signals  and*  in  general  terms*  to  the 
implications  of  those  properties. 


2.2.1.  Stationary  Random  Processes 


A  formal  definition  of  a  stationary  process  is  included  in  Appendix  D.  The  definition 
involves  ensemble  averages  which  are  notionally  computed  from  sample  measurements  extract¬ 
ed  from  a  large  number  of  independent  trials  records  at  a  particular  instant  in  time. 

The  process  is  said  to  be  stationary  if  the  expected  values  of  the  averages  do  not 
depend  upon  the  chosen  instant  in  time.  Two  "degrees"  of  stationarity  are  identifiedi 


A  weakly  stationary  process  is  one  in  which  the  ensemble  mean  value  and  the 
ensemble  auto-correlation  function  are  each  independent  of  time. 


A  strongly  or  strictly  stationary  process  is  one  in  which  all  ensemble 
moments  and  joint  moments  are  independent  of  time. 
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Strictly  stationary  processes  therefore  represent  a  subset  of  weakly  stationary  processes. 
It  is  normal  to  presume  that  a  process  which  is  demonstrably  weakly  stationary  is  also 
strictly  stationary. 


An  alternative,  and  subtly  different,  concept  of  stationarity  involves  sample  averages 
(computed  from  a  single  trial)  rather  than  ensemble  averages.  The  definitions  of  sample 
stationary  processes  are  similar  to  those  for  ensemble  stationary  processes,  with  the 
term  "sample"  replacing  "ensemble"  wherever  it  occurs.  In  engineering  circles,  the  use 
of  the  term  stationary  normally  implies  sample  stationarity.  This  is  because  the 
hypothesis  of  sample  stationarity  generally  is  easier  to  substantiate  than  the  hypothesis 
of  ensemble  stationarity. 


The  ensemble  view  of  stationarity  is  equivalent  to  the  sample  view  for  most  practical 
purposes,  although  the  values  to  be  expected  from  estimates  of  the  identifying  averages 
may  be  different. 


Pressure  measurements  made  in  the  vicinity  of  the  intersection  of  the  horizontal  and 
vertical  tail  surfaces  of  a  T-tailed  aircraft  can  be  used  to  illustrate  the  concept  of 
stationarity. 


For  the  purposes  of  the  illustration  it  is  assumed  that  the  pressure  measurements  exhibit 
a  D.C.  component  (a  non-zero  mean  value)  which  is  proportional  to  tailplane  setting  angle 
(function  of  aircraft  c.g.  position,  equivalent  airspeed,  Mach  Number)  and  a  random  com¬ 
ponent  caused  by  boundary  layer  pressure  fluctuations.  In  straight  and  level  flight  the 
power  spectral  density  (Section  2.4.1.)  is  assumed  to  be  proportional  to  tailplane 
setting  angle,  equivalent  airspeed,  and  Mach  Number.  Several  possibilities  can  be 
consideredi 


a)  Samples  obtained  at  arbitrary  times  during  a  number  of  flights.  No 

constraints  have  been  placed  upon  the  controlling  parameters,  so  that  the 
process  is  non- stationery. 


b)  Samples  obtained  only  at  nominated  values  of  equivalent  airspeed  and  Mach 
Number.  No  constraint  has  been  placed  upon  tailplane  setting  angle,  so  that 
the  process  is  non- stationary. 


c)  Samples  obtained  only  at  nominated  values  of  equivalent  airspeed  and  Mach 
Number.  It  is  further  assumed  that  the  c.g.  position  remains  constant 
during  a  flight,  but  not  between  one  flight  and  another.  The  process, 
for  a  particular  equivalent  airspeed  and  Mach  Number,  is  stationary. 
However  the  sample  statistics  will  vary  between  one  flight  and  another, 
ao  that  the  identifying  averages  for  the  ensemble  view  will  be  different 
from  those  for  the  sample  view. 


d)  Samples  obtained  only  at  nominated  values  of  equivalent  airspeed,  Mach 
Number,  and  tailplane  setting  angle.  The  process,  for  particular  para¬ 
meter  values  is  stationary.  Further,  the  statistical  averages  obtained 
from  one  flight  will  be  representative  of  all  flights. 


It  is  interesting  to  note  that,  if  the  power  spectral  density  of  the  random  component  of 
pressure  did  not  depend  upon  tailplane  angle,  then  cases  b  and  c  would  have  been  equiv¬ 
alent  to  case  d  provided  that  the  D.C.  components  of  the  measurements  had  been  removed 
prior  to  analysis. 


The  practise  of  selecting  samples  of  a  random  process  according  to  the  values  of  a  number 
of  controlling  parameters  frequently  results  in  a  stationary  ensemble.  When  this  occurs, 
the  process  is  more  properly  referred  to  as  conditionally  stationary.  The  majority  of 
random  processes  encountered  in  the  real  world  fall  into  this  category,  provided  that 
the  appropriate  controlling  parameters  can  be  identified  and  measured  or  controlled. 
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2.2.2.  Krgodic  Random  Procnsaaa 


Conditionally  stationary  random  procasses  which  have  the  characteristic  that  the  expected 
values  o£  sample  averages  are  equal  to  the  expected  values  of  the  corresponding  ensemble 
averages  are  termed  ergodic  random  processes  or,  more  properly,  conditionally  ergodic 
random  processes . 


The  example  given  in  Section  2.2.1.  illustrates  that  a  conditionally  stationary  process 
can  often  be  regarded  as  a  conditionally  ergodic  process,  but  that  it  may  be  necessary 
to  impose  addi tonal  constraints  upon  sample  selection.  Incidentally,  case  d  of  that 
example  is  a  conditionally  ergodic  process'  and,  with  the  D.C.  component  removed  from  the 
measurements,  so  are  cases  b  and  c  if  the  power  spectral  density  of  the  random  component 
is  independent  of  tailplane  setting  angle. 


The  fact  that  a  process  is  oonditonally  ergodic  (and  therefore  conditionally  stationary) 
means  that  ensemble  characteristics  can  be  estimated  from  sample  characteristics,  so  that 
a  complete  description  of  the  process  can,  in  principle,  be  obtained  from  a  single  flight 
trial. 


2.2.3.  Normal  Distribution 


Many  of  the  techniques  developed  in  this  Chapter  are  founded  upon  the  assumption  that  the 
amplitude  probability  distribution  is  Normal  (or  Gaussian) ,  the  properties  of  which  are 
given  in  Appendix  b.  In  a  great  many  practical  applications  this  is  a  valid  assumption, 
so  far  as  can  be  ascertained  by  measurements,  and  is  supported  by  the  Central  Limit 
Theorem  (see  Appendix  D,).  This  states  that,  under  quite  general  conditions,  the  sum  of 
a  number  of  mutually  independent  variables  will  have  an  amplitude  probability  distribution 
which  tends  to  the  normal  distribution  as  the  number  of  variables  becomes  large. 


A  signal  which  has  a  Normal  amplitude  probability  distribution  and  is  demonstrably  weakly 
Stationary,  is  also  strongly  stationary  because  the  amplitude  probability  distribution  is 
completely  described  by  the  mean  and  RMS  values. 
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2.3.  Time  Domain  Analysis  Techniques 


Many  descriptions  of  the  characteristics  of  random  data  cam  be  obtained  by  performing 
simple  operations  on  the  data.  Such  descriptions  are  generally  of  the  single  parameter 
variety  (for  example,  mean  and  mean  square  values)  but  may  include  descriptions  which 
are  a  function  of  signal  amplitude  (such  as  amplitude  probability  density  functions) .  At 
a  more  complicated  level,  descriptions  may  be  obtained  which  are  functions  of  relative 
time  (e.g.  autocorrelation  functions).  All  of  these  functions  either  can  be  computed 
relatively  simply  from  the  time  histories  of  the  data,  or  are  themselves  intrinsic 
functions  of  time.  Descriptions  of  the  techniques  which  may  be  considered  to  fall  into 
this  category  are  referred  to  as  Time  Domain  Analysis  Techniques  and  are  the  subject  of 
this  Section. 


2.3.1,  Mean  and  Mean  Square  Averages 


The  mean  and  mean  square  values  represent  the  most  rudimentary  descriptions  of  a  random 
signal. 


The  mean  value  is  simply  the  average  value  of  the  signal,  i.e. 


, u  •  lim  1 .  fT  y (t) .dt 
T-»a>  T  ■  o 


2.3.1. 


or,  for  an  N  length  sampled  data  sequence. 
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In  practical  terms#  N  must  remain  finite#  so  that  equation  2*3.2*  reduces  tot 
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2.3.3. 


The  difference  between  2.3.2.  and  2.3.3.  constitutes  an  estimation  error.  Such  an  error 
is,  in  its  own  right,  a  random  signal  whose  properties  depend  upon  the  value  of  N  and 
the  way  in  which  y^  varies  as  N  is  changed.  In  particular,  the  variance  of  the  error 
depends  upon  the  variance  and  the  power  spectral  density  of  and  upon  the  averaging 
time  (See  Appendix  E) .  An  estimate  of  the  error  is  often  obtained  by  assuming  that 
yj.  represents  a  Normal  distribution  white  noise  sequence  band  limited  at  the  folding 
frequency,  and  having  the  correct  variance  (see  figure  2.3,1.). 


Figure  2.3.1,  Assumed 
Distribution  of  Power  for 
Estimating  Errors. 


frequency 


When  this  is  the  case,  the  variance  of  the  error  is  given  by: 
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Var  (  jtiy)  »  °y_  2.3.4. 

N 


2 

where  a  ^  is  defined  by  equation  2.3.6. 


The  mean  square  value  is  given  by: 


ip2  -  lim  1.  jT  y2(t).dt  2.3.5. 

T-*  00  T  O 


Quite  clearly ,  the  quantity  defined  by  2.3.5.  is  dependent  upon  the  mean  value  of  the  data 
sequence.  It  is  often  convenient  to  use  a  quantity  related  to  2.3.5.,  but  with  the  mean 
value  removed. 


This  is  termed  the  variance  and  is  defined  by: 
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£.3.6. 


or  the  sampled  sequence  equivalent: 
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2.3.7. 


which  may  be  written,  after  some  manipulation, 
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2.3.8. 


The  practical  form  of  this,  where  N  remains  finite  is  given  by: 
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2.3.9. 


The  variance  of  the  difference  between  2.3.9.  and  2.3.8.  is  obtained  from  Reference  2.2., 
as: 


Var  ( £2  )  -  2.CV4 


2.3.10 


A  number  of  points  are  raised  by  these  results! 


1.  The  definition  of  mean  square  value  contains  the  divisor  (N  -  1) .  The 
latter  could  have  used  the  divisor  N,  but  this  would  have  resulted  in  a 
"biased"  estimate,  see  reference  2.3. 


2.  In  aertain  of  the  equation  namely  2.3.4.,  2.3.9.,  arid  2.3.10.,  true  mean 
values,  rather  than  estimates  (denoted  by  the  symbol  "a")  are  required. 
Of  course  routines  implementing  these  relationships  must  use  the 
estimated  values,  but  this  will  result  in  higher  uncertainties  in  the 
parameters  concerned. 


3.  The  variance  of  the  estimates  is,  in  each  oase,  a  function  of  the  varianaa  of 
the  data  and  the  power  spectral  density  of  the  data.  The  simple  relationships 
of  2.3.4.  end  2.3.10.  are  based  on  the  assumption  of  Normal  probability  distr¬ 
ibution  and  a  uniform  power  spectral  density.  If  more  than  average  energy  in 
the  data  is  concentrated  at  low  frequencies,  than  the  relationships  as  stated 
will  underestimate  the  variance  errors. 


4.  The  variances  of  the  estimated  errors  (equations  2.3.4.  and  2,3.10.)  indicate 
that  in  each  case,  the  RMS  of  the  error  (standard  error)  falls  increasingly 
slowly  as  averaging  time  is  increased!  doubling  the  averaging  time  decreases 
the  standard  error  by  only  30  percent  (see,  for  example,  figure  2.3.2.) 


Number  of  Samples 


2.3.2.  Amplitude  Probability  Distributions 


Amplitude  probability  distributions  are  an  important  property  of  random  signals.  In 
practise  they  are  usually  aomputed  in  order  to  justify  (or  otherwise)  the  assumption  of 
Normality. 


The  foundations  of  probability  theory,  as  applied  to  random,  stationary  time 
histories  are  developed  in  Appendix  C.  The  Appendix  defines  the  amplitude  probability 
and  amplitude  probability  density  functions  for  a  single  random  signal,  and  shows  how 
the  various  central  moments  of  the  signal  can  be  used  to  describe  its  characteristics. 
The  Appendix  continues  to  disauss  the  properties  of  the  Normal  distribution,  the 
transformation  of  probability  densities,  and  ends  with  an  introduction  to  joint  prob¬ 
ability  denBity  functions. 


The  central  function  of  interest  is  the  amplitude  probability  density  distribution. 
This  can  be  implemented  very  easily  for  an  unsealed  sampled  data  sequence,  as  follows! 


a)  dot  up  a  null  N  x  1  array,  where  N  ■  2P  and  where  p  is  the  number  of 
bits  used  to  convert  the  signal. 


b)  For  the  ith  sample  in  the  data  sequence  y^,  compute! 


. 


so 


k  «  y.  f+  h1  2. 3. 11. 

*  %  Ti 

t. 


where  y,  la  tha  value  of  the  1th  sample.  Dependant  upon  the  hardware  used# 
ona  of  tha  following  two  statements  will  holdt 


0  <  Vi  <  »  2.3.12. 


mS.  <  y*  <  £  2.3.13. 

2  4  2 


Iff  and  only  if#  tha  iattar  statement  la  true  then  tha  component  shown  in 
brackata  in  aquation  2.3.11.  should  be  included.  It  therefore  follows 
that 


0  <  k  <  N 


2.3.14. 


a)  Add  one  to  the  (k  +  l)th  element  of  the  N  x  1  array, 
d)  Repeat  b)  and  c)  for  aaah  sample  of  tha  M-length  data  sequence. 


a)  Divide  tha  array  by  M. 


Tha  resulting  N  x  1  array  represents  an  amplitude  probability  density  estimate  normalised 
so  that  the  value  of  the  interval  between  one  quantisation  level  and  the  next  is  unity. 

It  aan  be  converted  to  an  autual  APD  bv  dividing  each  element  in  the  array  by  the  physical 
value  represented  by  the  quantisation  interval.  A  flow  diagram  of  the  above  is  shown  in 
figure  2.3.3. 


Figure  2.3.3.  Flow  Diagram  for  Amplitude  Probability  Analvsia. 
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Estimates  of  APD  function*  obtained  from  the  foregoing  algorithm  are  subject  to  two  types 
of  error.  The  first  ia  a  statistical  uncertainty  which  is  a  function  of  the  character  of 
the  signal,  the  interval  between  estimates  (quantisation  interval  in  the  "raw"  state)  and 
the  averaging  time.  Specifically,  the  variance  of  this  uncertainty  when  the  signal  has 
white  noise  characteristics  over  a  limited  bandwidth  B  Hz  is  approximately  (Reference  2.2.) « 


Var  (p(y) )  *  P(y) 

2B.T.Dy 


2.2.15. 


where  Dy  is  the  interval  between  successive  estimates  and  T  is  the  averaging  time  in 
seconds.  It  should  be  noted  that  the  reliability  of  the  estimates  decreases  as  the  value 
of  the  APD  decreases. 


The  second  source  of  error  is  a  bias  error  which  may  be  introduced  because  the  probability 
density  estimate  for  a  particular  level  ia  obtained  by  grouping  together  values  which  fall 
into  a  finite  interval  around  that  level  (typiaally,  the  quantisation  interval).  It  is 
demonstrated  in  Reference  2.2.  that  an  approximation  to  the  bias  error  is  given  byi 


b(p(y) ) 

*  (Py)2»p,,(y) 

2.3.16. 

24 

where 

p"(y) 

■  d2p(y) 

dy2 

The  following  observations  may  be  found  to  be  useful i 


•  The  quantisation  interval  may  be  too  fine  to  give  reliable  estimates  of 
probability  density  (depending  upon  the  length  of  data  sequence  available) . 
When  this  is  the  case,  the  statistical  errors  may  be  reduced  (at  the  expanse 
of  increased  bias  error,  see  equation  2.3.16)  by  integrating  across  a  number 
of  intervals. 


-  An  illuminating  presentation  of  APD  functions  can  be  obtained  when  a  Normal 
distribution  ia  expected  by  plotting  log(p(y))  against  y.mod(y) .  When  the 
distribution  is  Normal,  a  triangular  function  is  obtained  (see  figure  2.3.4.). 


The  APD  function  can  be  used  to  estimate  the  RMS  value  of  a  signal  even  when 
the  rccasurement/acquisition  system  is  heavily  overloaded.  This  ia  achieved 
by  assuming  that  the  original  signal  has  a  Normal  distribution,  that  the 
mean  value  is  low,  and  that  the  measurement  system  does  not  change  the 
distribution  (essentially,  no  latch-ups).  Under  these  conditions  the 
.  maximum  achieved  value  of  the  APD  ia  given  byi 


pmax  W  "  1  2.3.17. 

<jy.\/2n 

or  0y  i  0.4  2.3.18. 

pmax  (y) 

The  amplitude  probability  function  can  be  obtained  by  computing  the  running 
integral  of  the  APD,  vizi 


*  oy*  {p(o> 


+ 


k-1  . 

2  I  p(i)  +  POO} 

i-1  * 


P(k.Dy) 


k  -  0(1) N-l 


2.3.19 


The  statistical  moments  of  the  signal  nay  ba  obtained  by  computing  tha 
weighted  running  integral  of  the  APD,  for  example 


»L  -  <Dy)n+1  f  N.[(-l)n.p(o)  +  p(N-l)  ]  +  2.1  (k-N)n.p(i) J  2.3.20. 

I  2  i»l  2  J 


where  1^  is  the  nth  statistical  monent.  The  results  obtained  for  higher 
moments  should  be  treated  with  caution,  however,  because  the  value  of  M 
depends  increasingly  upon  less  reliable  information  as  n  is  increased  (the 
outlying  values  of  APD  becoming  increasingly  important,  see  equation  2.3.20) 


5.0  5.0X10+01 
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Figure  2.3.4.  A  typical  Amplitude  Probability  Density 
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2.3.3.  Probability  Density  Distribution  of  Peaks 


The  distribution  of  maxima  (or  minima)  in  a  sampled  data  sequence  may  be  of  interest  to 
structural  engineers  who  are  concerned  with  the  problems  of  assessing  the  fatigue  life 
of  a  structure.  This  is  particularly  so  when  the  data  represents  structural  strain  or 
loads  applied  to  a  structure. 


The  usual  algorithm  for  computing  estimates  of  peak  distributions  assumes  that  each  data 
point  in  the  sampled  sequence  represents  a  maximum  or  minimum  value.  Thus  the  data  is 
assumed  to  have  been  compressed  by  removing  all  data  elements  which  do  not  constitute  a 
turning  point.  The  algorithm  proceeds  in  a  manner  reminiscent  of  that  used  for  computing 
amplitude  probability  density  distributional 


a)  Set  up  a  null  N  x  1  array,  where  N  ■  2P  and  where  p  is  the  length  of  the 
converter  field. 


b)  For  each  even  sample  (if  the  sequence  starts  with  a  minimum)  or  for  each 
odd  sample  (if  the  sequence  starts  with  a  maximum)  computet 


It  -  y,  f+  Nl  2.3.21. 

1  I  1  ! 

to  4 

where  y^  is  the  value  of  the  appropriate  sample.  Observe  that! 


0  <,  yi  <  N  2.3.22. 


or  -N  <  Y*  <  N  2.3.23. 

2  2 


The  bracketed  component  shown  in  equation  2.3.21.  should  be  included  only 
if  the  latter  statement  is  true.  Thust 


0  <  k  <  N  2.3.24. 


o)  For  eaah  computed  value  of  k,  add  one  to  the  (k  t  11th  element  of  the  N  x  1 
array . 


d)  Divide  the  array  so  obtained  by  the  total  number  of  peaks  to  obtain  the  'leak 
Probability  Density  distribution. 


A  flow  diagram  of  the  algorithm  is  shown  in  figure  2.3.5.  Estimates  of  the  Peak  probabil¬ 
ity  density  distribution  are  subject  to  both  statistical  and  bias  errors  in  just  the  same 
way  as  Amplitude  Probability  Density  distributions.  By  comparison  with  2.3.15.  and 
2.3.16.,  and  under  the  same  assumptions,  the  variance  of  the  statistical  error  is  given  byi 


Var  [  pm  (y) )  - 

B.T.K.Dy 


2.3.25. 


where  K  is  the  "compress ion"  factor. 


whilst  the  bias  error  is  given  byi 


b  l  Pm  W]  ■  ^2,Pm  (y) 

24 


2.3.26. 


2  _ 

d  *Pja  (y) 
d2y 


/' 


0 


where 
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Hare  again,  the  statistical  reliability  of  the  estimates  may  be  improved,  at  the  expense 
of  an  increased  bias  error,  by  integrating  across  a  number  of  intervals. 


Civent  y(i) ,  i  -  1(1)M 


Figure  2.3.5.  Flow  Diagram  for  Peak  Probability  Density  Analysis. 


2.3.4. 


Range/Mean  Distributions 


Range/Maan  Distributions  are  intended  specifically  to  provide  strain  or  load  information 
for  evaluating  fatigue  damage  and/or  estimating  the  life  of  a  structure. 


The  algorithm  for  estimating  the  distribution  is  a  direct  extension  of  the  one  for 
estimating  Probability  Density  distributions  of  peaks.  In  this  case  the  Density  array 
is  an  N  x  M  matrix,  with  the  N  rows  devoted  to  equally  spaced  values  of  range  and  the 
M  columns  devoted  to  equally  spaced  values  of  mean  value.  Here  again  the  algorithm 
operates  upon  compressed  data,  eaah  element  indicating  a  maximum  or  minimum  value.  It 
works  as  follows,  commencing  with  a  null  array  of  dimensions  N  x  Hi 


a)  For  the  2i  sample  computei 

j  -  |y(2i)  -  y (2i  +  1)|  2.3.27 
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where  the  bracketed  tana  is  inoludad  i£i 


<  *i  <  § 


2.3.29. 


b)  add  ona  to  tha  alamant  in  tha  (j  +  13  th  row,  and  (k  +  1)^  column  o£  the 
range/mean  matrix. 


c)  rapaat  for  all  pairs  of  aamplas  in  the  data  sequence. 


d)  divide  tha  range/mean  matrix  by  tha  number  of  pairs  of  samples  to  obtain 
tha  bivariate  probability  density  distribution. 


The  statistical  reliability  of  the  estimates  may  be  improved,  at  the  expense  of  increasing 
the  bias  error  by  integrating  across  a  number  of  intervals. 


The  results  produced  can  be  affected  seriously  by  the  presence  of  low  amplitude  noise.  For 
this  reason  it  is  normal  to  reject  reversals  haviny  a  lower  range  than  a  nominated  "gate* 
value.  Even  so,  as  pointed  out  in  Reference  2.4.,  the  Range/Hean  Distribution  provides 
a  poor  estimate  of  fatigue  damage  except  in  speaial  circumstances. 


2.3.5.  Rainflow  Analysis 


Rainflow  analysis  is  designed  to  provide  a  batter  estimate  of  Range/Mean  Distributions 
than  tha  method  described  in  Section  '2.3.4.  The  principal  objective  is  to  include  the  low 
frequency,  large  amplitude  reversals  as  wall  aB  the  more  frequent  low  amplitude  occurences. 
This  is  achieved  by  "remembering"  each  peak  until  it  is  equalled  or  exceeded  by  another, 
and  only  counting  a  range  (pair)  when  a  closure  (complete  reversal)  is  obtained. 


Algorithms  for  implementing  Rainflow  Analysis  can  be  rather  complicated  and  may  require 
large  quantities  of  computer  storage.  Tha  most  elegant  implementation  known  to  the 
author  is  detailed  in  Reference  2.5.,  to  which  the  interested  reader  is  referred. 


2.3.6.  Autocorrelation  Functions 


Tha  concept  of  using  the  mean  square  value  to  describe  a  stationary  signal  can  be  extended 
logiaally  to  one  in  which  the  mean  value  is  computed  of  the  product  of  the  signal  and  the 
same  signal,  but  delayed  by  a  specified  time.  The  purpose  of  this  is  to  characterise  the 
manner  in  which  the  current  value  of  the  signal  depends  upon  its  values  at  previous  points 
in  time.  If  the  relative  time  delay  is  varied,  then  a  description  of  this  characteristic 
can  be  compiled  which  is  a  function  of  the  time  delay.  This  function  is  known  as  the 
Autocorrelation  Function.  Specifically, 


Ryy(T> 


Lim  1  jTy(t).y(t  +  r  ).dt 
T  -*  00  T  o 


2.3.30. 


A  more  rigorous  derivation  of  the  autocorrelation  function  is  included  in  Appendix  A, 
which  also  states  the  connection  between  the  Autocorrelation  function  and  the  Auto¬ 
covariance  function. 


It  may  be  observed  that,  when  the  time  delay  T  is  zero,  then  equation  2.3.30.  degenerates 
to  an  expression  for  the  mean  square  value,  (c.f.  equation  2.3.5.).  Hencet 

«yy(0) 


2.3.31 
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It  turns  out  that  Ryy(T)  is  naver  greatsr  than  Ryy(o). 


Also,  a  simple  change  in  variable  (  t'  «■  t  + r )  in  equation  2.3.30.  leads  to  the  fairly 
obvious,  but  important,  conclusion  that: 


Ryy(T)  ■ 


2.3.32. 


Thus  the  Autocorrelation  function  can  be  said  to  be  an  even  function  of  time  delay. 


It  is  reasonable  to  assert  that,  for  a  random  signal  having  a  zero  mean,  future  values  of 
the  signal  will  depend  to  a  decreasing  extant  upon  the  aurrent  value.  More  formally,  the 
Autocovariance  function, 


Kyy(r)  -*  0  as  t  -.  co 


2.3.33 


Further,  the  Autocorrelation  function  of  a  periodic  signal  will  also  be  periodic.  This 
follows  from  the  definition  of  a  periodic  signal,  i.e. 


y  (t)  -  y  (t  +  T) 


2.3.34. 


where  T  is  the  period  of  the  signal. 


Thus  the  Autocorrelation  function  provides  a  mechanism  for  filtering  out  the  periodic 
components  in  a  signal  (where  the  mean  value  is  here  seen  as  a  periodic  signal  having  an 
infinite  period) .  It  should  be  noted  that  the  periodic  component  of  a  signal  will  not, 
in  general,  have  the  same  waveform  as  the  periodic  component  of  its  Autocorrelation 
funationj  the  periodic  component  of  the  latter  will  always  be  such  that  its  various 
frequency  components  will  be  in  phase.  ~ 


Estimates  of  the  Autocorrelation  function  of  a  signal  can  be  obtained  by  using  an  anal¬ 
ogue  analyser  (figure  2.3.6.)  or  by  operating  upon  an  N- length  sampled  data  sequence 
representing  the  signal.  In  the  latter  case,  equation  2.3.30.  is  most  commonly  mechan¬ 
ised  by  using  an  approximation  to  the  trapezoidal  rule  for  integration,  which  gives: 


N 

R^Oth)  -  1  .  I  y(n).y(n  -  k)  2.3.35 

(N  -  K)  n-X 


For  reliable  results,  the  maximum  value  of  It  should  be  less  than  ten  percent  of  N. 


Estimates  of  the  Autocorrelation  function  may  also  be  obtained  using  the  Discrete  Fourier 
Transform,  a  method  which  can  be  more  efficient,  computationally,  than  the  "direct" 
method  of  equation  2.3.35.  Details  of  this  are  presented  in  Reference  2.7. 


When  the  Autocorrelation  function  of  a  signal  is  very  complicated  it  is  sometimes  useful 
to  elucidate  matters  by  filtering  the  data  selectively  prior  to  computing  the  Auto¬ 
correlation  function.  This  may  be  effected  upon  a  sampled  data  sequence  by  digital 
filtering  (section  1.5.),  or,  when  the  Discrete  Fourier  Transform  is  used,  by  weighting 
the  Fourier  coefficients.  When  it  is  required  to  filter  the  data  a  number  of  times,  then 
the  latter  technique  is  by  far  the  more  efficient. 


Autocorrelation  estimates  computed  using  equation  2.3.35  are  subject  to  a  statistical 
error  which  depends  upon  the  characteristics  of  the  data  and  the  length  of  the  data 
sequence  (averaging  time) •  The  variance  of  this  statistical  error  may  be  estimated  by 
assuming  the  data  to  have  white  noise  characteristics,  band  limited  at  a  frequency  of 
B  Hertz.  It  is  shown  in  Appendix  E.  that  this  results  in: 


Var{Ryy(T)} 
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_ _ i _ * 

2.B.T 


( 


+ 


2.3.36. 


It  is  also  demonstrated  in  Appendix  £  that  the  bias  error  introduced  by  equation  2.3.35. 
is  zero.  This  is  not  the  case  for  estimates  obtained  using  the  Discrete  Fourier  Transform, 
and  for  this  reason  the  direct  method  is  to  be  recommended  for  estimating  Autocorrelation 
functions  daspite  its  computational  inefficiency. 


2.3.7.  cross  Correlation  Functions 


The  Autocorrelation  function  provides  a  description  of  the  way  in  which  the  current  value 
of  a  signal  depends  upon  its  values  at  previous  points  in  time.  When  the  joint  properties 
of  the  two  signals  are  of  interest,  it  is  reasonable  to  extend  this  concept  to  obtain  a 
description  of  the  manner  in  which  the  current  value  of  one  signal  depends  upon  the  values 
of  the  other  signal  at  various  points  in  time.  Formally,  this  idea  may  be  expressed  as* 


R*V<T)  -  lim  1.  fT  x(t)  ,y(t  -r).dt  2.3.37. 

y  T-00  T  J  O 


This  constitutes  a  definition  of  the  Cross  Correlation  function.  The  expression  iB 
derived  in  a  more  rigorous  way  in  Appendix  D.  It  can  be  shown  by  making  the  substitut¬ 
ion  t'  ■  t  -  t  in  equation  2.3.37.,  that* 


RXy<T>  -  Ryx(-T)  2.3.38. 

It  may  be  reasoned  that  the  behaviour  of  one  signal  depends  upon  the  other  in  a  different 
way,  in  general,  for  negative  time  delays  than  it  does  for  positive  time  delays.  The  Cross 
Correlation  function  is  therefore  an  asymmetric  function  of  time  delay.  It  is  sometimes 
useful  to  compute  the  symmetric  and  anti-symmetric  components  of  the  function  separately. 
These  are,  respectively,  as  follows* 


or* 


a(t) 

m 

U 

Rv„(t)  + 

R*„(“T) 

1 

,  xy 

xy 

2.3.39. 

B(T) 

m 

M 

’VT)  - 
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H 

[vt)  + 
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2.3.40. 

b(t) 

m 

H 

[VT)  - 

Ryx(T)  ' 

e  Autocorrelation  function,  it  can  be  shown  that* 

Rxy(T) 

-a 

0 

as  r  -* 

00 

2.3.41. 

for  most  cases  when  y(t)  is  a  random  signal. 


Estimates  of  the  Cross  Correlation  function  can  be  obtained  by  using  an  analogue  analyser 
(figure  2.3.7.)  or  by  operating  upon  an  N-length  sampled  data  sequence  representing  the 
signal.  Since,  however,  the  function  is  an  asymmetric  function  of  time  delay,  a  complete 
description  requires  both  positive  and  negative  delays,  or  a  reversal  of  the  inputs.  For 
a  sampled  data  sequence,  the  most  commonly  used  algorithm  is  based  upon* 


N 

1  .  £  x(n).y(n  -  k) 

N  -  k  n-k 


Rxy(kh) 


2.3.42 
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and 


RyX(kh) 


N 

Z  y<n) .x(n 

n»k 


k) 


2.3.43. 


Onca  again,  reasonably  reliable  results  can  ba  obtained  if  tha  maximum  value  of  k  it  lets 
than  ton  percent  of  N. 


Estimates  of  the  Croat  correlation  function  may  alao  be  obtained  using  the  Discrete 
Fourier  Transform. .  This  route  ia  here  even  more  efficient  relative  to  the  direct  method 
than  was  the  case  for  Autocorrelation  functions.  Details  of  the  method  are  presented  in 
Reference  2.7. 


Statistical  errors  associated  with  estimates  obtained  by  using  equations  2.3.42.  and 
2.3.43.  are  similar  to  those  for  the  Autocorrelation  function.  In  this  case,  under  the 
same  assumption  of  white  noise  band  limited  at  B  Hertz,  Appendix  £  gives  the  variance 
of  error  asi  * 


Var{RXy<T>}  *  2.3.44. 


It  is  also  shown  that  no  bias  is  introduced  by  equations  2.3.42  and  2.3.43.  This  ia  not 
true  for  estimates  obtained  using  the  Discrete  Fourier  Transform  and  this  method,  despite 
its  efficiency  is  not  to  be  recommended. 


Y(t) 


Figure  2.3.6.  A  Simple  Analogue  Autocorrelator. 


Figure  2.3.7 


A  Simple  Analogue  Cross  Correlator 
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2.4.  Frequency  Domain  Analysis 


Much  of  the  interest  in  describing  the  characteristics  of  random  data  stems  either  from  a 
requirement  to  express  those  characteristics  by  a  functional  relationship  (e.g.  the  meas¬ 
urement  of  atmospheric  turbulence)  or  from  the  need  to  minimise  its  effects  by  designing 
suitable  filters  (e.g.  by  installing  delicate  instruments  on  appropriate  anti-vibration 
mounts).  In  either  case,  presentation  of  the  detailed  characteristics  of  the  data  in  the 
frequency  domain  is  normally  much  more  immediately  informative  than  the  equivalent  time 
domain  descriptions,  for  two  reasons,  Firstly,  engineers  tend  to  think  and  to  express 
themselves  in  frequency  domain  terms.  Secondly  data  which  is  broad  hpnd  in  character  U) 
is  characterised  by  relatively  few  points  in  the  time  domain.  This  means  that  quite  large 
changes  in  the  frequency  domain  characteristics  can  be  almost  indiscernable  when,  for 
example,  those  characteristics  are  described  by  the  Autocorrelation  function  (see  Chap¬ 
ter  4.) . 


This  chapter  is  devoted  to  the  two  major  frequency  domain  descriptions  of  random  data,  the 
power  spectral  density  and  the  cross  spectral  density.  A  discussion  on  the  derivation  of 
frequency  response  functions  is  included,  and  the  chapter  is  concluded  by  a  Section  relating 
frequency  domain  and  time  domain  methods  of  presentation. 


2.4.1.  Power  Spectral  Analysis 


The  power  spectral  density  of  a  random  signal  can  be  defined  as  the  rate  of  change  of  mean 
square  value  of  the  signal  with  respect  to  frequency.  One  way  to  visualise  this  concept  is 
to  imagine  that  the  signal  is  input  to  a  narrow  band  unity  gain  bandpass  filter.  The  out¬ 
put.  of  the  filter  may  be  squared  and  averaged,  (figure  2.4.1.).  The  mean  square  value  so 
obtained  is  then  divided  by  the  bandwidth  of  the  filter.  The  rate  of  change  of  mean  square 
value  (power  spectral  density)  at  the  centre  frequency  of  the  filter  is  then  obtained 
conceptually  by  reducing  the  bandwidth  of  the  filter  to  zero. 


Of  course,  it  is  not  possible  to  create  a  filter  with  zero  bandwidth,  but  the  circuit  bhown 
in  figure  2.4.1.  is  representative  of  one  type  of  analogue  power  spectral  analyser.  The 
complete  PSD  funation  for  a  signal  may  bo  obtained  from  such  a  circuit  either  by  arranging 
many  similar  circuits  in  parallel  or,  for  reasons  of  economy,  by  varying  the  centre 
frequency  of  the  band  pass  filter.  In  the  latter  case,  the  data  must  be  re-analysed  for 
each  new  selected  value  of  centre  frequency. 


y  (t) 


Figure  2.4.1.  A  Simple  Analogue  Power  Spectral  Analyser. 


In  fact  the  circuit  shown  in  figure  2.4.1.  is  rarely  used  for  analogue  power  spectral 
analysers.  The  technique  moat  commonly  implemented  uses  the  signal  being  analysed  to 
modulate  a  carrier.  The  modulated  carrier  is  passed  through  a  fixed  narrow  bandpass 
filter,  and  the  output  from  this  is  squared  averaged  and  scaled  in  the  usual  way.  In 
this  case  the  signal  bandwidth  is  swept  by  altering  the  frequency  of  the  carrier,  rather 
than  the  filter.  The  principle  of  operation  of  the  heterodyne  analyser  is  shown  in 
figure  2.4.2. 
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The  majority  of  digital  power  spectral  analysers  use  the  same  principle  as  the  analogue 
analyser  shown  in  Figure  2.4,1.  Here,  however,  the  bandpass  filter  is  simulated  by 
computing  the  Fourier  series  of  a  fixed  length  portion  of  the  sampled  data  sequence, 
calculating  the  mean  square  value  of  the  modulus  of  the  Fourier  coefficients  obtained 
from  a  portion  of  the  data  sequence,  and  dividing  by  the  effective  bandwidth  of  the 
'filter*  represented  by  the  Fourier  series  estimator.  An  introduction  to  Fourier  series 
is  contained  in  Appendix  A.  The  concept  that  each  Fourier  coefficient,  as  defined  by 
equation  A. 1.12.,  represents  the  output  of  a  digital  bandpass  filter  is  rendered  plausible 
by  equation  A. 1.10.  This  states  that  the  original  signal  can  be  reconstructed  by  summing 
a  series  of  sinusoids  of  different  frequency  (i.e.  frequency  components),  each  weighted 
by  the  Fourier  coefficients  appropriate  to  that  frequency.  For  the  justification  that 
the  coefficients  can  be  used  to  estimate  the  power  spectral  density,  the  reader  is  referred 
to  Section  A. 2. 10.  This,  together  with  the  results  presented  in  Section  A. 3,,  provide  an 
estimate  for  the  power  spectral  density  function  as  follows: 


Gyy(k.Af)  -  2h.  j  Ck  J  2  2.4.1. 

k  -  0(1)N  -  1 

N-l»  ,  -I 

where,  Cv  *  2  y_.exp  1“  i.27T.k.n  I  2.4.2. 

*  n-o  n  l  “ 1  J 


For  reasons  which  will  become  apparent  later,  the  estimate  given  by  2.4.1.  is  unreliable, 
and  it  is  normal  to  improve  this  by  computing  the  average  of  a  number  of  independent 
estimates.  This  averaging  process  is  equivalent  to  the  integrator  shown  in  figure  2.4.1. 


The  power  spectral  density  estimator  given  by  equation  2.4.1.  contains  N/2  frequency  points 
equally  spaced  at  an  interval  of  At  -  1/hN.  It  is  therefore  a  constant  bandwidth  estim¬ 
ator,  each  'filter'  having  a  bandwidth  At. 


It  should  be  observed  that  there  is  a  subtle  difference  between  the  Fourier  coefficients 
as  defined  in  equation  A. 1.12.  and  the  coefficients  (defined  by  a  similar  equation)  of 
2.4.2.  In  the  former,  yn  is  assumed  to  be  periodic,  and  N  is  chosen  so  that  the  integra¬ 
tion  is  evaluated  over  an  exact  number  of  periods.  In  the  latter  case  N  is  chosen  arbit¬ 
rarily.  It  turns  oht  that  the  band  pass  filter  defined  by  equeation  2.4.2.  has  excellent 
properties  when  the  data  happens  to  be  periodic  over  the  N- length  sequence,  but  it  is 
rather  less  good  when  this  is  not  so.  The  reason  for  this  disparity  in  performance  is 
due  to  the  shape  of  the  pass  band  of  the  "filter*  defined  by  2.4.2.,  which  can  be  shown 
to  be  (Reference  2.2.)  of  the  form: 


H(f)  -  Sin  71  fT  2.4.3. 

nit 


The  shape  of  this  function  is  shown  in  figure  2.4.4.  The  function  has  unity  value  at 
the  centre  frequency  and  has  zeroes  coinciding  with  the  frequency  interval  2.4.1.,  that  is: 


At  m  _i_  2.4.4. 

h.N 


A  sinusiodal  signal  y„  whose  frequency  coincides  with  the  centre  frequency  of  one  filter 
(-K.Af,  say)  will  be  interpreted  by  equation  2.4.2.  as  follows: 


Ck  -  A.  N  k  -  K  2.4.5. 

*  1 


-  0 


k  K 
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where  A  ia  the  amplitude  of  the  sinusoid. 


However  if  sinudoidal  signal  has  a  frequency  exactly  midway  between  two  centre  frequencies, 
equation  2.4.2.  will  gives 


Cjc  “  A.N.  SinTttK+b-lO 
2  7s;(K+»rk) 


2.4.6. 


where  (K+)j)  ,Af  is  the  frequency  of  the  sinusoid  and  A  is  its  amplitude. 


Equation  2.4.5.  clearly  shows  that  equation  2.4.2.  represents  a  perfect  filter  when  a 
sinusoidal  signal  coincides  with  the  centre  frequency  of  one  filter,  ie.  when  the  Bample 
length  contains  an  exact  number  of  periods.  When  this  is  not  the  case,  however,  the 
filter  performs  rather  poorly  and,  at  worst,  behaves  like  a  second  order  bandpass  filter. 
This  is  easily  shown  from  equation  2.4.6.,  where  the  filter  output  values  are  proportion¬ 
al  to  the  inverse  of  |K  +  k  -  ^  |  .  (It  should  here  be  noted  that  equation  2.4.6.  describes 
the  worst  case  frequency  response  function  of  the  filter,  since  it  can  be  viewed  as 
describing  the  response  of  one  filter  as  the  sinusoid  is  stepped  across  its  pass  band) . 


A  considerable  amount  of  effort  has  been  devoted  to  improving  the  shape  of  the  'filter' 
described  by  2.4.2.  This  has  resulted  in  a  large  number  of  different  proposals  which 
can  leave  the  potential  user  in  a  state  of  some  confusion.  It  is  hoped  that  some  clarif¬ 
ication  can  be  obtained  from  the  following  observations! 


Frequency  domain  averaging  will  not  improve  the  characteristics  of  the 
filter  implied  by  equation  2.4.1,  and  2.4.2.,  though  it  may  be  useful  for 
otnet  reasons. 


It  can  be  inferred  from  the  above  that  the  undesirable  effects  of  the  filter 
are  caused  by  discontinuities  (of  amplitude,  slope,  etc.)  between  the  end  of 
one  "period"  and  the  start  of  the  next  -  ie.  between  the  end  and  beginning  of 
the  same  data  requeues,  since  this  is  assumed  to  be  periodic. 


Time  domain  weighting  which  removes  the  discontinuities  noted  above  also 
modifies  the  spectral  shape  of  the  data  by  distorting  the  data  sequence. 

This  distortion  is  least  when  the  rate  cf  change  of  the  normalised  weighting 
function  with  respect  to  time  is  small. 


The  equivalent  filter  which  results  from  time  domain  weighting  followed  by 
application  of  equation  2.4.2.  may  have  additional  undesirable  characteris¬ 
tics  in  same  applications.  fbr  example  a  sinusoidal  function  factored  by 
the  "80  -  20"  cosine  weight  proposed  in  Reference  2.6.  and  shown  in  figure 
2.4.5.,  results  in  a  spectrum  containing  side  lobes.  The  reason  for  this  is 
that  the  modified  form  of  the  filter  shape  described  by  equation  2.4.3.  has 
maxima  which  are  not  spaced  A f  apart  or  a  multiple  of  this. 


In  the  light  of  the  above  observations,  the  most  satisfactory  "fix"  for  improving  the 
characteristics  of  PSD  function  estimates  obtained  from  2.4.1.  is  to  weight  each 
N-length  sample  of  y  bys 


1.  (  1  -  cos  ?7t.  n  \ 
I  \  N  / 


2.4.7. 


I 


■J 

A 


_ . xjj&.  - 


W(n) 
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When  the  weighting  function  defined  by  equation  2.4.7.  is  used,  the  power  spectral  density 
estimates  obtained  by  2.4.1.  must  be  multiplied  by  8/3. 


The  filtering  of  equation  2.4.2.  is  most  efficiently  achieved  using  the  "Discrete  Fourier 
Transform" f *  also  known  as  the  "Fast  Fourier  Transform".  The  algorithm  for  this  is  descr¬ 
ibed  in  Appendix  B.  The  efficiency  of  this  algorithm  is  remarkable,  improving  upon  the 
obvious  algorithm  by  a  factor  N/p  where  B  «  2P,  the  length  of  the  data  used  in  the  trans¬ 
form. 


An  alternative  digital  method  of  estimating  the  power  spectral  density  of  a  random  funct¬ 
ion  is  to  determine  the  autocorrelation  function  (Section  2.3.7.)  as  follows! 

R<t}  ■  lim  1.  fT  y(t) .y(t-r) .dt  2.4.8. 

yy  t 

or,  using  trapezoidal  integration  upon  an  N-langth  sampled  data  sequence! 

N 


R^kh) 


_ .  £y(i).y(i-k> 

(N  -  k>  i« 


2.4.9. 


where  the  maximum  value  of  k  should  normally  be  less  than  ten  percent  of  N. 


The  power  speatral  density  can  be  obtained  from  the  autocorrelation  function  using  the 
Weiner-Khintchine  relation! 


G„„(f)  *  4*  fT  RvV(T) .cos  »fT.dT  2.4.10. 

yy  t  •*  os  1  o  yy 


or,  again  using  trapezoidal  integration! 

* 


G  <nAf)  -  4h.  J  V^IM.oo*  Ttnk 

yy  k«o  yy  m 


2.4.11. 


where  Af  ■  1  . 

2hm 


must  be  halved. 


and  the  double  prime  indicates  that  the  first  and  last  terms  in  the  series 


liquation  2.4.11.  may  be  looked  upon  as  a  bandpass  filter  acting  upon  the  autocorrelation 
function  in  rather  the  same  way  as  the  Fourier  series  estimator  of  equation  2.4.2.  Here 
again  similar  difficulties  arise  and,  in  order  to  improve  the  characteristics  of  the 
filter,  the  autocorrelation  function  should  be  weighted  by  the  function! 


W  (k)  -  1.  f  1  +  cos  jrk  1 

1  L  m  J 


2.4.12. 


or  by  a  similar  function  having  the  properties! 


W(0)  -  1,  and  W(m)  >►  0 


2.4.13. 


This  method  for  estimating  the  power  spectral  density  function  has  fallen  from  favour 
to  some  extent,  because  the  computational  efficiency  is  greatly  inferior  to  the  "direct* 
method  utilising  the  Discrete  Fourier  Transform. 
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Estimates  of  power  spectral  density  are  subject  to  two  types  of  error.  The  first  is  a 
statistical  error  arising  from  the  necessity  to  obtain  the  estimates  frost  a  finite  length 
of  data.  The  second  is  a  bias  error  which  stems  from  the  finite  bandwidth  filter  used 
to  separate  the  various  frequency  components  of  a  signal. 


The  variance  of  the  statistical  error  is  a  function  of  the  averaging  time,  as  noted  above, 
but  it  is  also  a  function  of  the  number  of  statements  to  be  made  about  the  datai  which 
is  equivalent  to  the  bandwidth (s)  of  the  analyser  filters.  Specifically ,  the  variance 
of  the  statistical  error  is  given  by  (Appendix  E) i 


Var 


Vf) 


G2aif) 

Ba.T 


2.4.14. 


where  B  is  the  "equivalent  statistical  bandwidth”  and  T  is  the  averaging  time. 

Q 


For  the  digital  analyser  specified  by  equation  2.4.1.,  the  bandwidth-time  product  is 
unity.  This  is  equivalent  to  taking  a  single  reading  of  a  random  phenomenon,  a  startling 
though  not  unreasonable  conclusion,  bearing  in  mind  that  the  Fourier  coefficients  are 
simply  a  reversible  transform  of  the  particular  sample  block  of  data.  Two  methods  are 
available  to  reduce  the  statistical  error  to  sensible  proportions.  The  first  is  to 
obtain  M  Independent  estimates  of  the  PSD  function  by  analysing  different  samples 
extracted  from  the  data.  If  this  method  is  used  then  the  variance  of  the  statistical 
error  becomes t 


var  Gyy(f)  *  G2w<f>  2.4.15. 

M 

The  alternative  method  for  effecting  a  reduction  of  statistical  error  1b  to  average  a 
number  of  consecutive  spectral  estimates,  thereby  effectively  increasing  the  analyser 
bandwidth.  Then  if  L  spectral  estimates  are  averaged,  the  variance  of  the  statistical 
error  becomes t 


Var  Gyy(f)  *  G2yy (f ) 
't*  L 


2.4.16. 


The  two  methods  of  improving  the  estimates  noted  above  are  sensibly  interchangeable.  That 
is,  for  a  given  length  of  record,  the  variance  of  the  error  can  be  halved  either  by  aver¬ 
aging  pairs  of  spectral  estimates  or  by  re-analysing,  taking  half  the  previous  number  of 
samples  for  each  estimate,  and  doubling  the  number  of  independent  estimates  of  the  PSD 
function. 


Incidentally,  the  use  of  "Hanning"  to  improve  the  filter  characteristics  does  not  affect 
equation  2.4.15.  The  increase  in  bandwidth  so  obtained  is  countered  by  a  reduction  in  the 
effective  integration  time. 


Bias  errors  can  arise  when  the  power  spectral  density  changes  value  rapidly  as  the  freq¬ 
uency  is  varied.  The  shape  of  the  actual  PSD  function  is  averaged  over  the  finite  band- 
widths  of  the  filters,  and  this  can  cause  "smearing"  of  that  shape.  Specifically,  the 
bias  error  is  approximated  by  (  Reference  2.2.) i 


b  G  <f>  *  Be?  Gjy(f) 

24 


2.4.17. 


where , 


G"  («  -  d^Gjxlf) 

df2 


Thus  bias  errors  are  significant  only  when  the  curvature  of  the  PSD  function  differs 
significantly  from  zero. 
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A  great  many  of  the  properties  of  a  random  signal,  may  be  deduced  directly  from  its  PSD 
function.  For  examplet 


The  mean  square  values 


2.4.18. 


The  expected  number  of  zero  crossings  per  unit  of  times 


2. 


r  os  ■ 


J  f  .Gyy (f) .df 


2.4.19. 


The  expected  number  of  level  crossings  per  unit  of  times 


NQ.exp 


7*5 


2,4,20. 


The  expected  number  of  maxima  per  unit  of  times 


m 


J*  f4.Gyy (f) .df 

o  _ _ 


1  h 


r  f2*<Jyy (*>.** 

o 


2.4.21. 


The  relationships  quoted  above  have  been  derived  by  various  authors.  Reference  2.1. 
contains  explanations  of  these  and  other  useful  relationships. 


dtikL&M.' 


2.4.2.  Cross  Spectral  Analysis 


The  cross  spectral  density  function  represents  a  description  of  the  joint  properties  of 
two  random  signals  in  the  frequency  domain,  and  can  be  considered  to  be  a  logical  exten¬ 
sion  of  the  power  spectral  density  function •„  Cross  spectral  density  (CSD)  functions  are 
only  rarely  useful  in  their  own  right.  They  are,  however,  frequently  computed  en-route 
to  estimating  frequency  response  functions  (see  Section  2.4.3,).  A  simple  analogue  cross 
spectral  analyser  is  shown  in  figure  2. 4. A. 


x(t) 


Figure  2.4.6. 


A  Simple  Cross  Spectral  Analyser. 


Co-Spectrum 


Quad-Spectrum 


The  circuit  shown  in  figure  2.4.6.  is  remarkably  similar  to  the  circuit  for  a  simple 
power  spectral  analyser  shown  in  figure  2.4.1.,  but  is  complicated  by  the  fact  that,  on 
average,  the  relationship  between  x(t)  and  y(t)  may  not  be  in  phase  (i.e.  have  zero  time 
delay) .  Therefore  both  in-phase  (or  coincident)  and  quadrature  components  must  be  com¬ 
puted.  As  was  the  case  for  the  power  spectral  analyser  the  centre  frequencies  of  the  two 
narrow  band  pass  filters  must  be  varied  over  the  frequency  rango  of  interest  in  order  to 
compile  a  complete  estimate  of  the  CSD  function. 


Digital  cross  spectral  analysers  are  similar  in  concept  to  the  analyser  shown  in  figure 
2.4.6.  However  the  bandpass  filters  are  simulated  by  computing  the  Fourier  series  of 
fixed  length  blocks  of  the  two  sampled  data  sequences,  in  exactly  the  same  way  as  for 
the  power  spectral  analyser.  (Note,  however,  that  eaah  pair  of  sample  blocks  must  com¬ 
mence  at  the  same  point  in  time) .  An  estimate  for  the  OSD  function  may  be  deduced  from 
Appendix  A  as i 


-  ^-(xckHyck)*  ' 

k  -  0(1)N-1 

7 

2.4.22. 

where i 

xck 

N-l* 

■  2  xtn) .exp f-1.2nkn) 

n*o  '  N  ’ 

2.4.23. 

andi 

yCk 

N-l, 

■  X  y  (n)  .expf-i.27rkn\ 

n-o  \  N  / 

2.4.24. 

The  similarity  between  equations  2.4.1.  and  2.4.22.  is  obvious. 


The  estimate  of  cross  spectral  density  given  by  equation  2.4.22.  is  normally  made  more 
reliable  by  averaging  a  number  of  such  independent  estimates. 


The  cross  speatral  density  estimator  given  by  equation  2.4.22.  contains  N/2  equally 
spaced  frequency  points  at  an  interval  of  At  -  1/hN. 


An  alternative  method  for  arriving  at  an  estimate  of  the  CSD  function  for  a  stationary 
random  signal  is  to  determine  first  the  cross  correlation  function  (see  Section  2.3.8.) s 


RXy(T)  -  lim  1.  x(t) ,y (t  -  T ) .dt  2.4.25. 

T-*  a  T  o 


or,  using  trapezoidal  integration  upon  a  pair  of  N-langth  sampled  data  sequencesi 

N, 

Rxy(kh)  ■  1  .  £  2.4.26. 

(N  -  k)  i"k 

H, 

and«  RyX(kh)  ■  1  .  £  y(i).x(i  -  k)  2.4.27. 

(N  -  k)  i-k 


where  the  maximum  value  of  k  should  normally  be  less  than  ten  percent  of  the  value  of  N. 


MW.  U.  .MpMlWW 
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The  cross  spectral  density  can  then  be  obtained  by  transforming  the  cross  correlation 
functions 


m. 


4h.  £  A(k).coa  nn.k 
k**o  m 


2.4.28. 


4h.  B(k).Sin  ?tn.k 
k*o  m 


2.4.29. 


where : 


A(k)  -  M  Vk)  +  V(k)J 


2.4.30. 


B(k)  -  l.[Rxy(k)  -  RyX(k>] 


2.4.31. 


and  wheret 


Gxy<if) 


C*y<f)  “  i-QXy<f)' 


2.4.32. 


Af 


l 

2h.m 


and  the  double  prime  indicates  that  the  first  and  last  terms  in  the  series  are  to  be 
halved. 


The  raw  estimates  defined  by  2.4.28.  and  2.4.29.  may  be  refined  by  weighting  the  even  and 
odd  functions  A(k)  and  B(k)  of  equations  2.4.30.  and  2.4.31.  in  exactly  the  same  way  as 
for  PSD  estimates.  Equation  2.4.12.  is  satisfactory  for  this  purpose. 


Cross  spectral  density  estimates  are  subject  both  to  variance  errors  and  to  bias  errors. 
These  are  introduced  by  the  finite  averaging  time  and  non-zero  filter  band'iidths . 
Reference  2.2.  quotes  estimates  of  these  errors  as: 


Var 

Vf) 

s 

■s 

Gxx(f) .Gyy(f) 

2.4.33. 

Be.T 

Var 

Qxy(f) 

< 

Gxx(f)  .Gw  (f) 

2.4.34. 

Be.T 

b 

Cxy(f) 

t 

Ss  .c"  <f> 

TT  *v 

2.4.35. 

b 

QXy(f) 

a 

Be4.  Q"  (f) 

2e  4  •  • 

where : 

<Vf) 

d2Cxv(f)  .  for  rtxamDle. 

d2f 

B  is  the  "equivalent  statistical*  bandwidth  of  the  filter,  and  V  is  the  averaging  time, 
as  before. 


»l 


d 
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2.4.3.  Frequency  Response  Functions 


If  a  linear  system  having  a  single  input  is  forced  by  a  signal  applied  to  that  inputr 
then  a  signal  representing  the  response  of  the  system  will  be  dependent  upon  the  character 
of  the  input  signal  and  the  properties  of  the  system  being  excited.  Specifically,  if  the 
input  is  sinusoidal  at  frequency  f  and  has  a  unit  amplitude,  then  the  output  will  be  sinu¬ 
soidal,  having  an  amplitude  and  phase  relative  to  the  input  which  is  defined  by  H(if) ,  the 

frequency  response  function  of  the  system.  It  will  be  noted  that,  in  general,  H(if)  is 
a  complex  function  of  frequency  and  is  a  property  of  the  physical  characteristics  of  the 

linear  system.  These  ideas  may  be  extended  to  the  case  where  the  input  y(t)  is  a  station¬ 

ary  random  signal.  It  turns  out  that  three  statements  can  be  made  about  the  characteristics 
of  the  output  signal  x{t)  (Reference  2.1.}.  These  are: 


the  output  is  a  stationary  random  signal. 


the  PSD  function  of  the  response  is  a  function  of  the  PSD  function  of  the 
input  and  the  system  frequency  response  function. 

— 

the  CSD  function  of  the  output  relative 
power  spectral  density  of  the  input  and 
function. 

to  the  input  is  a  function  of  the 
the  system  frequency  response 

Specifically: 

Gxx<f> 

-  j  H(if)j2.Gyy(f) 

2.4.37 

and: 

°xy(f) 

-  H(if)  .  Gyytf) 

2.4.38 

The  frequency  response  function  of  the  system  can  be  obtained  from  equation  2.4.38.  as 


U(if)  -  Gxv(if)  2.4.39. 

Gyy  (f) 

It  was  noted  in  Section  2.4.2.  that  the  CSD  function  acts  as  a  filter,  rejecting  those 
components  in  either  signal  which  are  not  coherent  (i.e.  which  are  not  related  to  one 
another).  It  seems  reasonable,  therefore,  to  use  equations  2.4.37.  and  2.4.38.  to 
justify  (or  otherwise)  the  implicit  assumption  that  x(t)  and  y(t)  are  related  functions 
of  time,  and  hence  frequency.  This  is  effected  by  computing  the  square  of  the  modulus 
of  the  ratio  of  the  two  estimates  of  frequency  response  function,  so: 


Gxy(if)  2  -  y2(f>  <  1 

Gxx(f) .Gyy (f ) 


2.4.40. 


2 

The  quantity  y  (f)  is  known  as  the  coherence  function.  If  its  value  nowhere  differs 
significantly  from  unity,  then  a  linear  frequency  response  function  relating  the  output 
to  the  input  certainly  exists,  and  is  defined  by  equation  2.4.39. 


A  set  of  experimental  results  for  which  the  coherence  function  is  everywhere  close  te 
unity  is  found  only  very  rarely.  Low  values  of  coherence  may  be  caused  by: 


no  frequency  response  function 
a  "node"  in  the  frequency  response  function 

"noise"  contaminating  either  the  input  signal,  or  the  output  signal,  or 
both 
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a  non-linear  frequency  response  function. 


A  small  amount  of  measurement  system  noise  is  normally  to  be  found  in  experimental 
results.  This  is  usually  well  distributed  and  causes  the  coherence  function  to  "follow* 
roughly  the  square  of  the  modulus  of  the  frequency  response  function.  Further  invest¬ 
igation  is  called  for  when  this  does  not  happen,  ie.  when  the  coherence  remains  low 
even  when  the  modulus  of  the  frequency  response  function  is  large. 


possible  causes  of  a  low  coherence  in  this  situation  aret 


serious  contamination  of  the  signals, 
the  system  has  another,  independent,  input, 

the  input  power  spectral  density  has  a  low  value  in  the  region  of  the  peak 
under  investigation. 


the  system  is  non-linear  (if  the  system  is  a  physical  structure,  does  it 
rattle7) 


The  resolution  of  these  matters  can  sometimes  be  helped  by  assuming  that  the  low  coherence 
is  due  entirely  to  the  addition  of  noise  to  one  or  the  other  channel.  Then  under  the 
assumption  that  the  noise  exists  only  in  x(t)  ,' 


Gn(f)  -  Gxx(f)*t1  "  2.4.41. 


and  if  all  the  noise  is  assumed  to  be  contained  in  y(t),  them 

GA(f)  “  Gyy(£)*C1  -  F2(f>]  2.4.42. 

If  either  of  these  noise  power  spectral  densities  is  a  relatively  smooth  function  of 
frequency,  then  it  is  usually  safe  to  assert  that  the  appropriate  signal  contains  the 
majority  of  the  noise. 


Frequency  response  functions  are  computed  from  estimates  of  power  and  cross  spectral 
densities,  both  of  which  will,  in  general,  contain  a  statistical  uncertainty  and, 
possibly,  a  bias  error.  Zt  therefore  follows  that  estimates  of  frequency  response 
functions  will  contain  similar  errors. 


It  can  be  reasoned  that  bias  errors  can  arise  fromi 


bias  errors  in  the  estimates  of  power  and  crosB  spectral  density  functions. 


noise  included  in  the  measurement  of  the  input  signal. 


contributions  from  other  inputs  which  are  correlated  with  the  measured 
input  (it  can  be  shown  that  other  independent  inputs  do  not  cause  bias) . 


A  detailed  study  of  the  statistical  uncertainty  in  estimates  of  frequency  response 
functions  is  included  in  Reference  2.2.  The  result  is  neither  concise  nor  positive, 
and  is  therefore  not  included  here. 


An  assessment  of  bias  errors  is  also  necessarily  inconclusive  because  of  the  range  of 
possible  causes  noted  above.  One  useful  observation  can,  however,  be  made.  The  sections 
devoted  to  describing  algorithms  for  estimating  power  and  cross  spectral  density 
functions  (2.4.1.  and  2.4.2.)  include  proposals  for  improving  the  characteristics  of  the 
analysis  filter.  The  effect  of  these  improvements  is  to  inorease  the  bandwidth  of  the 
filter.  Irrespective  of  whether  they  are  to  be  preferred  for  power  spectral  analysis  in 
particular,  the  use  of  these  improved  filters  can  increase  the  bias  error  of  frequency 
response  functions  significantly,  as  shown  in  figure  2.4.7.  It  is,  therefore,  to  be 
recommended  that  they  be  omitted  when  frequency  response  functions  are  of  interest,  part¬ 
icularly  if  the  structure  under  investigation  has  lightly  damped  modes. 


Percent  Error  in  the  Estimation  of  Filter 
Bandwidth  as  a  Function  of  Analyser  to  Filter 
Bandwidth  Ratio. 


Flguro  2.4.7. 
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3. 4.4,  Manipulations  Involving  a  Humber  of  Random  signal* 


This  Section  introduces  techniques  which  can  be  used  to  carry  out  the  equivalent  of 
arithmetic  operations  on  random  signals.  In  general,  the  techniques  are  intended  to 
yield  frequency  domain  descriptions  of  the  results  of  an  arithmetic  operation,  using 
as  operands  frequency  domain  estimates  which  can  be  obtained  directly  from  measurements. 


No  attempt  has  been  made  to  include  in  this  Section  estimates  of  errors  in  the  results 
obtained  from  such  operations,  although  in  some  cases,  bounds  to  such  errors  can  be 
deduced  directly  from  the  results  presented  in  Appendix  E. 


2.4.4 .1.  The  Sum  of  Random.  Signals 


The  case  under  consideration  here  is  shown  diagrammatically  in  figure  2.4.8.  That  isi 


M 

X(t)  -  £  y.  (t) 

k-1  K 


2.4.43. 


Equation  2.4.43.  can  be  transformed  into  the  frequency  domain,  when  the  linearity  prop¬ 
erty  of  the  Fourier  transform  (see  Appendix  A)  gives i 


M 

F  (if)  "  £  F„  <if>  2.4.44. 

x  k-1  yk 


Each  side  of*equation  2.4.44.  aan  be  multiplied  by  the  complex  conjugate  of  F„(if), 
denoted  by  Fx(if)t  x 


M  M 

F  (if) ,F*(if)  -  £  Fv  (if)  .  £  F*  (if)  2.4.45. 

*  k-1  yk  k-1  yk 


It  may  be  deduaed  from  this  expression 

that 

the  PSD  function 

of  the  Sum  of 

Random  Signals 

is  given  byt 

M 

M 

Gxx<£>  “ 

I 

£ 

Gv  v  U*> 

2.4.46. 

j-1 

k-1 

yjyk 

which  may  be  simplified  to  yield; 

M 

r  m 

j-1 

I 

Gxx«>  -  £  “yjyj 

<f) 

+ 

2.  Re.  £ 

£ 

Gv  „  (if) 

2.4.47. 

l  j-2 

k-1 

yjyk  J 

The  first  term  of  equation  2.4.47.  is  the  sum  of  the  PSD  functions  of  each  signal;  the 
second  term  is  the  real  part  of  the  sum  of  all  possible  CSD  functions  between  one  signal 
and  the  other.  The  latter  has  been  simplified  by  making  use  of  the  symmetry  properties 
of  the  CSD  function. 
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Two  extreme  cases  are  worthy  of  note.  When  all  of  the  signals  to  be  summed  are  mutually 
independent,  the  CSD  functions  between  one  signal  and  another  are  everywhere  zero,  and 
equation  2.4.47.  degenerates  toi 


<f) 


2.4.48. 


Thus  the  PSD  function  of  the  sum  of  a  number  of  mutually  independent  signals  is  equal  to 
the  sum  of  their  Individual  PSD  functions. 


The  second  extreme  case  worth  noting  occurs  when  all  signals  are  identical.  In  this 
case  equation  2.4.47.  reduces  toi 


Gxx<f> 


"•Vi*** 


2.4.49. 


as  might  be  expected  from  equation  2.4.43. 


Figure  2.4.8.  The  Sum  of  a  Number  of  Random  Signals. 


An  alternative  expression,  which  may  be  more  convenient,  can  be  obtained  by  multiplying 
equation  2.4.44.  by  the  conjugate  of  the  transform  of  one  signal.  This  yields* 


or. 


F„(if).F»  (if) 


M 

I  fv  (if).F;  (if) 
k-1  yk  yj 


2.4.50. 


Gy  y  (if) 
yjyk 


j  +  k 


2.4.51. 


This  states  that,  for  M  mutually  independent  random  signals,  the  cross  spectral  density 
function  between  the  output  and  any  input  is  real  and  is  equal  to  the  PSD  function  of 
that  input. 


The  case  shown  diagrammatically  in  figure  2.4.9.  can  be  stated,  by  comparison  with  the 
case  described  in  Section  2. 4. 4.1.,  ast 


M 

-  I  Hk (if) .  F  (if)  2.4.52. 

x  k-1  *  yk 


An  argument  similar  to  that  followed  in  Section  2. 4. 4.1.  can  be  used  to  yieldt 


M  H 

Git)  -II  H.,  (if)  .H£  (if )  .G  (if)  2.4.53. 

**  j-1  k-1  3  *  yjyk 


which  may  be  written,  after  some  manipulation! 

M ,  , ,  M  j-1 

G„(f)  -  I  H,(if)  ?GW  v  (f)  +  2. Re.  £  £  Hk (if)  .H* (if). 

j-1  3  yjyj  j-2  k-1  K  3 

2.4.54. 


When  the  inputs,  y • ,  are  mutually  independent,  the  CSC  functions  between  them  are  every¬ 
where  zero,  and  equation  2.4.54.  degenerates  to  i 


2'4'55' 


This  result  is  equivalent  to  equation  2.4.48.  A  second  interesting  case  occurs  when  the 
inputs  are  everywhere  identical,  as  in  figure  2.4.10.  In  this  case,  equation  2.4.54. 
become Bi 


2.4.56 


y(tk 


x(t) 


Figure  2.4.10. 


The  proceeding  development  has  been  oriented  towards  describing  the  output  Bignal  In  terms 
of  the  various  input  signals  and  the  (assumed  known)  frequency  response  functions  which 
describe  the  filters,  When  it  is  required  to  determine  the  frequency  response  functions 
of  the  individual  filters ,  given  measurements  of  the  output  and  the  various  inputs ,  then 
it  is  more  convenient  to  adopt  a  somewhat  different  development,  multiplying  equation 
2.4.52,  by  the  conjugate  of  the  Fourier  transform  of  any  input,  sot 


Fx(if) .F*  (if) 


H.  (if).Fv  (if).F*  (if) 
K  yk  yj 


2.4.57. 


from  which  it  may  be  deduced  that: 


Hk(if) .G  (if) 


2.4.58. 


Equation  2.4.58.  represents  just  one  of  M  similar  expressions  which  can  be  constructed. 
Organised  in  Matrix  form,  these  can  be  writteni 


/  Gv  (if)  l 

■ 

f  Gvv  (if)  1 

.  |h.  (if)  1 

2.4.59. 

i  yj*  j 

L  y*y*  J 

i k  j 

which  may  be  solved  to  yield  an  expression  for  the  individual  frequency  response  functions! 


{ 


Hk(if) 


} 


2.4.60. 


Equation  2.4.60.  is  valid  whether  or  not  the  various  Inputs  are  mutually  independent. 
However,  when  they  are  mutually  independent,  then  the  matrix  of  input  CSD  functions 
becomes  a  frequency  dependent  diagonal  matrix,  and  equation  2,4.60.  can  be  written: 


Vj<if) 


Hk(if) 


2.4.61 
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This  very  important  relationship  states  that,  when  all  inputs  are  mutually  independent, 
an  estimate  of  a  frequency  response  function  can  be  obtained  without  bias  from  the  PSD 
function  of  the  appropriate  input  and  the  CSD  function  between  that  input  and  the  summed 
output,  regardless  of  the  other  inputs. 


This  conclusion  c.  Irms  the  assumption  made  in  Section  2.4.3.,  which  stated  that  additive 
noise  which  corrupted  a  measured  output  did  not  bias  estimates  of  frequency  response 
function,  provided  that  the  noise  was  independent  of  the  input  signal. 


2. 4  Frequency  Response  Function  Estimates  from  Closed  Loop  Measurements 


The  arrangement  to  be  discussed  in  this  Section  is  shown  in  figure  2.4.11. 


The  system  described  by  K(if)  might  represent  a  flight  vehicle,  and  the  system  described 
by  H(if)  might  represent  a  Stability  Augmentation  System,  an  Auto-pilot,  or  even  a  human 
pilot.  It  is  supposed  that  the  two  systems  are  arranged  in  a  closed  loop  with  two  sources 
of  input.  The  first,  r(t),  represents  a  demand  (speed  or  height  demand,  for  example)  and 
the  second,  n(t)  represents  a  system  disturbance  (e.g.  atmospheric  turbulence).  The 
problem  is  to  identify  the  sy  am  li(if).  A  rrimber  of  possible  cases  can  be  oonsidered:- 


a)  e(t)  and  x* (t)  can  be  measured. 


This  constitutes  this  simplest  case.  The  problem  can  be  solved  by  direct 
application  of  equation  2.4.39.: 


H (if )  -  Gex' (if)  2.4.62. 

Gee (f ^ 


It  is  worth  noting  that: 


Fx'Uf)  -  H(if)  .Fe(if)  2.4.63. 


or. 


Fx* (if) 


H(if) . (Fr (if) 


Ec(if)) 


2.4.64 


Multiplying  by  the  complex  conjugate  of  Fr(if)  allows  the  following  to  be 
deduced  (see  equations  2.4.45.  and  2.4.46.) t 
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Grx' (if)  -  H(if) . (Grr(if)  -  Grc(if)) 


2.4.65. 


Equation  2.4.51.  states,  in  this  case,  thati 


Gre(if)  -  Grr(f)  -  Grc(if) 


2.4.66. 


Hence,  from  equations  2.4.65.  and  2.4.66., 


H (if)  -  Grx1 (if) 
Gre (if) 


2.4.67. 


or. 


Gex* (if)  -  Grx1 (if) 
_Gee(f j  Gre (if) 


2.4.68, 


It  can  therefore  be  concluded  that  the  frequency  response  function  H(if)  can 
be  estimated  as  the  ratio  of  the  CSD  functions  between  one  input  and  the  output 
and  between  one  input  and  the  summed  input. 


b)  r(t)  and  x1 (t)  can  be  measured. 


The  estimated  value  of  the  frequency  response  function  may  be  written,  from 
equation  2.4.67. 


H(if)  -  Grx (if) 
Gre  U  t) 


2.4.69. 


This  may  be  expanded  to  give: 


H  (if ) 

m 

Grx' (if) 

Gr'elifr 

+  Grn(if) 
Gre (if) 

m 

H  (if ) 

+  Grn(if) 
Gre(i£) 

For  this  case,  provided  that  r(t)  and  n(t)  are  independent  functions,  equation 
2  4.69.  can  be  used  to  provide  an  unbiased  estimate  of  the  frequency  response 
Lunation  H(if),  since  Grn(if)  becomes  zero. 


0)  e (t)  and  x(t)  can  be  measured. 


t 

t 


When  the  input  signal  r(t)  cannot  be  measured,  an  estimate  of  the  frequency 
response  function  might  be  obtained  by  application  of  2.4.62.1 


Gex(lf) 
Gee  If) 


H(if) 


2.4.72 
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or,  H  (if )  -  GexMlf)  +  Gen  (If)  2.4.73, 

Gee(f)  ' Gee(i) 


Hence:  H(if)  »  H(if)  +  Gen (if)  2.4.74. 

Gee(f ) 


Equation  2.4.74.  demonstrates  that  estimates  of  the  frequency  response  function 
H(if )  using  only  e(t)  and  x(t)  are  biased,  since  Gen(if)  will  exist  due  to  the 
action  of  the  feedback  loop.  In  fact  the  second  term  of  equation  2,4.74.  can 
be  expanded  to  give: 


Gen(if)  -  1  +  H (if )  .  Gn'n1 (f)  2.4.75. 

CeeT?)  K ( if )  Gee (f ) 


where  n' (t)  is  the  component  of  e(t)  which  is  due  to  the  noise  input  n(t). 
Clearly,  when  n(t)  is  small, compared  with  r(t),  then  the  component  of  equation 
2.4.74.  defined  by  2.4.75.  will  also  be  small,  and: 


H(if)  *  H(if)  2.4.76. 


However,  when  n(t)  is  large  compared  with  r(t),  then: 


H(if )  *  -  1  2.4.77. 

K  (if ) 


the  inverse  of  the  frequency  response  function  of  the  known  system'. 


The  above  example  is  designed  to  demonstrate  not  only  the  power  of  the  technique  and 
also  the  dangers  which  can  by  encountered  if  the  measurement,  trial  has  not  been  designed 
properly. 


CHAPTER  3  PRACTICAL  ASPECTS 


The  techniques  and  algorithms  reviewed  in  Chapters  1  and  2  represent  only  the  bare 
bones  of  part  of  a  facility  for  processing  random  data.  Such  a  facility  may  take  many 
forms,  ranging  from  a  general  purpose  digital  computer  to  a  range  of  dedicated  "black 
boxes”,  each  designed  to  fulfil  a  particular  task.  It  is,  therefore,  hardly  relevant, 
to  discuss  a  particular,  or  even  an  ideal,  facility  for  the  processing  of  random  data. 
It  is,  however,  relevant  to  discuss  in  general  terms  the  requirements  which  are  to  be 
sought  after  in  any  facility,  regardless  of  the  shape  of  the  hardware  and  the  precise 
analysis  techniques  employed  within  that  hardware. 


Practical  matters  such  as  how  the  data  and  results  are  archived,  how  quality  assurance 
requirements  are  to  be  satisfied,  and  how  the  results  of  the  various  analyses  are  pres¬ 
ented  do  not,  in  general,  affect  the  precision  and  quality  of  analyses.  However  they 
assume  major  importance  in  a  facility  designed  to  produce  such  analyses  of  random  data 
on  a  routine  basis.  These  are  the  matters  which  are  introduced  in  this  Chapter. 


3.1.  Measurement  System  Calibrations 


Each  transducer  and  signal  conditioning  unit  (SCU)  system  possesses  a  number  of  intrinsic 
properties.  Those  of  direct  interest  to  the  analyst  aret 


rest  condition  (zero  offset) 
sensitivity  (gain) 

dynamia  behaviour  (frequency  response  characteristic) 


The  first  two  properties  may  be  determined  from  static  calibrations  in  which  the  trans¬ 
ducer  or  SCU  is  exercised  by  subjecting  it  to  a  series  of  known  inputs  (normally,  though 

not  necessarily,  at  steady  levels),  each  value  of  the  input  and  the  associated  unit  out¬ 
put  level  being  recorded.  S'-  tic  calibrations  are  normally  relatively  Bimple  to  execute, 

but  there  are  exceptions  -  c  ..Ubrating  a  set  of  strain  gauges  designed  to  deduce  wing 

loads  and  moments,  for  example. 


The  third  property  is  often  much  more  difficult  to  determine  with  a  reasonable  degree  of 
accuracy,  but  1b  just  as  important  as  the  static  properties  if  the  measurements  are  ex¬ 
pected  to  vary  rapidly  during  flight  trials. 


Calibration  information  is  likely  to  be  gathered  by  a  number  of  separate  groups  within  an 
organisation  and  at  widely  differing  times.  Also,  individual  units  may  be  replaced 
during  the  course  of  a  flight  trial.  The  task  of  maintaining  reasonably  reliable  inform¬ 
ation  about  the  overall  characteristics  of  a  measurement  system  can  be  formidable  unless 
the  information  is  handled  and  logged  in  a  uniform  manner.  The  requirements  for  cuch  a 
logging  system  aret 


flexibility.  The  system  must  be  capable  of  interpreting  many  different 
types  of  information  and  of  converting  it  into  a  uniform  format 

tracibility.  Overall  system  characteristics  may  be  deduced  from  a  number 
of  individual  calibrations.  It  should  always  be  possible  to  "buck-track" 
to  check  suspect  results 

reliability.  Standard  errors  associated  with  individual  calibrations 
should  be  propagated  so  that  an  estimate  of  the  standard  error  of  each 
measurement  channel  can  be  ascertained. 


The  information  required  from  each  individual  calibration  in  order  that  these  requirements 
may  be  satisfied  is  as  follows* 


Calibration  identifier 
Calibration  date 
Transduoer/SCU  identifier 
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-  Raw  calibration  data 

-  Reduction  technique  identifier 

-  Deduced  properties  and  aaeociated  standard  errors 

A  calibration  data  file  for  any  trial  nay  then  be  established  by  specifying  calibration 
and  unit  identifiers  for  each  measurement  channel.  An  appropriate  form  for  the  calibra¬ 
tion  data  file  might  bet 

-  Flight  identifier 

-  Flight  date 

-  Flight  ncord  identifier 

-  Measurement  system  specification 

-  Total  zero  offset 

-  Total  static  (or  nominal)  sensitivity 

-  Total  dynamic  characteristics 

-  Associated  standard  errors 


) 

) 

) 

) 

)  for  eaah  measurement 

) 

)  channel 

) 

) 


The  above  system  could  become  very  unwieldy  if  it  is  used  unwisely  by  breaking  down  each 
measurement  ahannel  into  the  greatest  possible  number  of  elements.  A  reasonable 
approach  can  be  arrived  at  by  dividing  each  measurement  system  into  two  parts.  The  trans¬ 
ducer  and  its  associated  SCU  is  considered  to  constitute  one  unit#  and  the  transmission 
and  recording  equipment  to  constitute  the  other.  The  last  of  these  can  be  adjusted  so 
that  the  dynamic  characteristics  of  each  channel  are  matched,  and  the  overall  system  be 
organised  so  that  calibration  levels  are  recorded  immediately  prior  to,  or  during,  each 
trial  (see  Seaion  1.3.3.).  Thus  the  characteristics  of  the  transmission  and  recording 
equipment  can  be  defined  by  a  single  dynamic  calibration  and  by  the  calibration  signals 
recorded  at  the  time  of  the  trial.  This  information  must,  of  course,  be  reduced  and 
logged  in  a  manner  similar  to  that  described  above. 


The  calibrations  and  associated  accuracies  of  instrumentation  systemo  have  always  been 
a  source  of  irritation  to  users  and  quality  assurance  engineers  alike.  The  above  system 
can  go  some  way  towards  alleviating  this  irritation,  particularly  if  it  is  programmed 
onto  a  digital  computer. 


3,3.  Data  Qualification 


The  first  requirement  for  data  qualification  is  to  select  samples  from  a  recording 
for  further  investigation.  This  implies  that  the  analyst  hss  access  to  a  *quiak 
look"  display  of  the  relevant  parameters.  It  follows  that  an  ability  to  produce  such  a 
display  must  be  a  feature  of  the  analysis  facility.  It  is  the  experience  of  the  author 
that  the  ideal  "quick  look"  output  is  one  in  which  the  complete  recording  is  displayed 
onto  no  more  than  two  metres  of  paper.  The  paper  should  include  all  the  information 
channels  which  ara  necessary  to  make  the  selection,  and  the  bandwidth  of  the  presentation 
should  ba  consistent  with  that  of  the  data.  The  result  does  not  allow  the  details  of  the 
waveform  to  be  examined,  but  does  highlight  stationary  areas  of  information,  the  distrib¬ 
ution  of  dropouts,  certain  types  of  non-lineari< y  (e.g.  ah  asymmetric  probability  distri¬ 
bution)  ,  points  where  the  recorder  was  switched  on,  etc. .  in  fact  thu  majority  of  the 
information  required  to  select  appropriate  samples  'or  analysis.  One  drawback  of  the 
preoentation  is  the  difficulty  which  may  be  experienced  in  defining  the  precise  starting 
point  for  an  analysis.  Whore  random  data  is  concerned,  however,  it  is  of ton  not  necessary 
to  specify  a  starting  point  to  a  precision  better  than  *n*  second,  so  that  the  difficulty 
may  not  be  important . 


The  cacond  requirement  lor  data  qualification  is  to  establish,  in  broad  terms,  ths  quality 
of  the  data,.  This  nan  be  achieved  by  computing  from  the  nominated  areas  of  interest  trial 
RMS  lime  histories  and  amplitude  probability  densities  (Section  2.3.2.)  for  selected  data 
channels.  An  RMS  time  history  is  obtained  by  computing  the  mean  square  value  of  a  data 
channel  (Section  2,3.1.)  for  a  series  of  samples  extracted  from  the  nominated  area  of 
interest  and  plotting  the  square  root  of  the  results  against  the  time  corresponding  to  the 
mid-point  of  the  appropriate  sample.  If  such  analyses  givo  reasonable  results,  then  this 
is  normally  justification  enough  for  commencing  detailed  analysis  of  the  nominated  areas. 


3.3. 


Data  Handling 


It  has  bean  observed  in  Chapter  2  that  descriptions  of  the  characteristics  of  random  data 
are  provided  in  the  form  of  averages .  The  extraction  of  such  averages  may  require  the 
processing  of  large  quantities  of  data.  For  example ,  a  14  track  FM  magnetic  tape 
recording  conforming  to  the  Intermediate  Band  TRIG  standard  can  contain  the  equivalent 
of  ovsr  10 5  data  samples  per  foot  of  tape,  and  the  analysis  of  a  complete  flight  record 
can  mean  the  handling  of  the  equivalent  of  over  10s  data  samples.  Coping  with  such 
quantities  of  data  on  a  routine  basis  makes  special  demands  on  a  processing  facility. 

This  section  is  devoted  to  a  discussion  of  the  requirement  created  by  those  demands. 


The  process  of  dearibing  the  characteristics  of  random  data  is  inevitably  a  reduction 
process.  This  is  because  the  number  of  reliable  statements  which  can  be  made  about  a 
random  signal  is#  by  definition#  very  limited  compared  with  the  number  of  data  points 
(or  equivalent)  contained  within  the  data  Itself.  The  degree  of  reduction  aan  be  of  the 
order  1000- 1.  In  the  majority  of  cases#  random  data  is  recorded  prior  to  analysis,  and 
when  this  is  the  case  there  seems  to  be  no  point  in  re-recording  the  raw  data  except  to 
make  it  more  readily  accessible  to  the  user.  Indeed#  re-recording  is  an  expensive 
process  in  terms  of  the  cost  of  effecting  the  transfer#  the  cost  of  the  recording  medium, 
and  in  terms  of  the  floor  area  required  to  store  the  records.  Clearly,  when  large 
quantities  of  data  are  involved#  there  is  a  case  for  making  the  original  record  access¬ 
ible  and  using  this  direatly  whenever  the  data  is  to  be  processed. 


The  philosophy  described  above#  of  analysing  the  original  record#  implies  that  the  data 
be  analysed  "on-line",  that  is  the  acquisition  module  Bhould  include  the  ability  to  reduae 
the  data  at  the  same  rate  that  the  data  is  acquired.  The  number  of  "on-line"  reduction 
processes  required  for  the  majority  of  applications  is,  fortunately#  limited  and  can  be 
incorporated  readily  into  a  dedicated  processor  or  can  be  provided  by  a  small  number  of 
special  purposes  units.  The  routines  primarily  required  are  as  follows t 


-  RMS  and  mean  values  as  a  function  of  time 

-  Amplitude  probability  density 

-  Sample  acquisition 

-  Acquisition  of  peak  values 

-  Power  speatral  analysis 

-  Power  and  cross  spectral  analysis. 

Secondary  routines  which  may  be  useful  arei 


Autocorrelation 

Cross-correlation. 


'The  first  two  routines  are  require  primarily  for  data  qualification  purposes#  and  the 
results  obtained  are  not  normally  required  to  be  archived. 


Sample  acquisition  is  required  for  acquiring  tr>.  nsient  "events"  and  short  samples  of 
random  data  for  which  special  purpose  analyses  are  required.  The  process  involves 
extracting  a  number  of  samples  (or  sampling  an  analogue  signal)  at  constant  time 
intervals  for  each  of  a  epeuifiad  set  of  data  channels.  The  exact  channels  and  the 
number  of  samples  per  channel  (or  acquisition  time)  are  selected  by  the  operator.  The 
start  of  acquisition  should  be  logic  controlled  so  that  it  may  be  triggered  by  the  oper¬ 
ator,  by  an  event  (e.g.  tape  recorder  switch  on#  or  a  particular  recorded  time)#  or  by 
a  nominated  data  channel  exceeding  a  specified  level  (the  start  of  a  transient). 
Flexibility  of  operation  is  greatly  enhanced  if  the  start  of  the  acquisition  aan  be 
advanced  or  delayed  relative  to  the  sensed  event.  Acquired  data  is  normally  scaled  to 
engineering  units  and  filed  in  preparation  for  "off-line"  analysis. 


Peak  value  information  may  be  required  when  fatigue-  related  calculations  are  to  be 
performed  upon  random  data.  The  acquisition  of  peak  values  involves  sampling  the  data 
and  computing  the  level  and  time  of  occurenoa  of  each  sensed  maximum  and  minimum.  In 
order  to  inhibit  the  acquisition  of  large  numbers  of  peaks  caused  by  noise,  it  is 
normal  to  include  a  "gate*  which  rejects  peaks  within  a  specified  range  of  the  previous 
trough,  and  vice  versa.  This  type  of  ecquisition  is  normally  controlled  by  calling  for 
s  nominated  number  of  peeks,  but  limited  by  a  specified  overall  acquisition  time.  The 
date  arrays  for  eaoh  channel  contain#  on  completion#  the  levels  of  each  peak  end  trough 
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and  the  time  of  occurence  relative  to  the  start  of  the  acquisition.  These  arrays  are 
normally  scaled  to  engineering  units  and  filed  in  preparation  for  further  "off-line" 
analysis . 


Power  and  cross  spectral  analysis  involves  large  amounts  of  processing.  This  activity 
will*  in  general «  define  the  performance  required  of  an  on-line  processor.  A  practical 
digital  analyser  can  be  designed  so  as  to  extract  the  cross  spectral  density  of  two 
channels «  and  the  power  spectral  density  of  each  channel  from  a  single  OFT.  Alternatively 
the  power  spectral  density  of  each  of  two  channels  can  be  computed,  and  the  envelope  of 
all  individual  estimates  can  be  stored  for  each  channel.  The  latter  function,  when 
divided  by  the  estimated  power  spectral  density,  represents  i  sensitive  indicator  of  the 
presence  of  periodic,  or  near  periodic;  components  and  of  the  presence  of  non- stationary 
occurances  in  a  signal. 


In  order  to  make  the  best  use  of  the  available  data,  the  acquisition  routine  should  be 
interleaved  with  the  processing  routine  so  thut  sampling  can  be  continous.  This  Implies 
that  the  maximum  acquisition  rata  of  the  system  will  be  governed  by  the  computing  power 
of  the  processor. 


A  major  disadvantage  of  on-line  primary  proceasing  is  that  pre-proceBsing  activities 
(sec  Chapter  1)  must  also  take  place  on-line  prior  to  processing.  When  the  data  is 
analogue,  then  this  icay  be  effected  by  analogue  filters  prior  to  sampling.  However,  when 
the  data  is  digital,  then  hardware  must  be  available  to  simulate  th.r.  analogue  filters. 
This  can  be  effected  using  the  recursive  digital  filters  described  in  Section  1,5.2.  A 
system  which  enn  Le  used  for  all  types  of  on-line  processing  is  shown  schematically  in 
figure  3.J. 


In  all  cases,  processed  data  should  be  filed  together  with  the  relevant  analysis  para¬ 
meters.  Typicdly.  these  might  include) 

-  Flight  identifier 

-  Flight  date 

-  Flight,  record  identifier 

-  Calibration  data  identl fier 

-  Acquisition  role 

-  Number  oh  samples  pvir  transform  (if  relevant) 

-  Details  of  pre-procosaing  filters  (high  pass,  anti-aliasing,  etc.) 

-  Channel  identifier  ) 

v 

-  Acquisition  start  time  ) 

)  f. or  each  data  file 

-  Length  of  acquisition  time  ) 

> 

-  Pr«>-sampilng  gain  (if  relevant)  ) 


3,4.  Data  Presentation 


however  nigh  the  quality  of  the  original  data,  and  however  preci-je  the  analysis  tools 
used  to  operate  upon  the  data,  the  usefulness  of  the  results  obtained  from  any  trial 
depends  upon  the  way  the  results  are  presented.  The  general  rules  for  presentation 
of  the  results  from  any  analysis  aret 


the  information  should  he  assimilable 
should  include  tracibility  information 

should  contain  parameters  necessary  fox  assessing  the  quality  or  the  data. 


The  first  rule  implies  that  the  data  presentation  should  be  graphical,  in  engineering 
units  and  should  include  titles  which  identify  the  record  and  the  measurement  channel 
involved,  bearing  in  mind  that  the  presentation  may  be  kept  longer  than  the  engineer 
responsible  for  it.  Further,  the  presentation  should  be  in  a  form  which  highlights  those 
characteristics  of  interest.  Power  spectral  density  functions,  for  example,  are  normally 


in  a  log- log  forma4;.  This  may  bo  the  right  presentation  in  general  terms,  but  the 
engineer  interested  in  examining  in  some  detail  the  spectral  details  at  high  frequency 
may  be  better  served  by  a  log-linear,  or  even  a  linear-linear  presentation.  Yet  again, 
an  engineer  concerned  with  the  modal  damping  characteristics  of  a  structure  might  be 
more  interested  in  a  linear-square  presentation. 


Tracibility  information  is  necessary  to  identify  the  following  information  with  no 
ambiguity  t 


-  The  raw  data  record  from  which  the  presentation  was  produced 

-  The  calibration  information  used  to  scale  the  raw  data 

-  The  suite  of  programmes  used  tc  reduce  the  raw  data 

-  The  location  of  the  reduced  data 

The  parameters  for  assessing  the  quality  of  the  results  vary  from  presentation  to 
presentation,  broadly,  they  are  those  parameters  which  are  necessary  to  estimate  the 
statistical  end,  where  relevant,  the  bias  errors  of  the  results. 


Figure  3.1,  A  Facility  for  Processing  Random  Data. 
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CHAPTER  4  SOME  APPLICATIONS  OF  RANDOM  DATA  ANALYSIS 
4.1.  Examples  of  Spectral  Analysis  Computations. 


The  results  which  may  be  obtained  from  power  and  cross  spectral  analysis  of  random  data 
depend,  of  course,  upon  the  characteristics  of  that  data,  but  also  upon  the  various 
decisions  the  engineer  responsible  is  called  upon  to  make  during  the  analysis.  Those 
decisions  relate  to  obtaining  a  satisfactory  compromise  between  the  detail  which  is  to 
be  extracted  from  the  data  and  upon  the  reliability  of  that  detail,  i.e.  between 
quantity  and  quality. 


Sections  2.2  and  2.3  include  relationships  which  are  intended  to*  assist  the  engineer 
in  making  the  choice  of  analyser  bandwidth  which  is  appropriate  for  a  given  length  of 
record.  This  Section  contains  results  extracted  from  analyses  of  two  types  of  signal. 
They  are  intended  to  provide  a  “feel"  for  the  consequences  of  choosing  any  particular 
combination  of  analyser  bandwidth  and  averaging  time.  The  Section  also  contains  results 
which  demonstrate  the  effect  of  "Hanning"  each  block  of  data  prior  to  analysis. 


The  signals  used  for  the  analysis  were  a  "white"  noise  Bource  band  limited  at  1  KHz., 
and  a  narrow  band  signal  produced  by  passing  the  white  noise  through  an  analogue  filter. 
The  filter  used  was  a  second  order  bandpass  filter  centred  at  a  nominal  frequency  of 
159.2  Hz.  with  a  damping  factor  of  two  percent  of  critical.  The  behavior  of  the  filter 
is  illustrated  in  figure  4.1.1.,  which  shows  the  response  of  the  filter  in  the  time 
domain  to  a  step  input. 
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Figure  4.1.1.  The  Response  of  a  Harrow  Bandwidth 
Band  Fas«  Filter  to  a  Step  Input. 
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The  spectral  analyser  used  for  the  analysis  used  a  OFT  algorithm  for  computing  the 
power  spectral  density  of  each  signal  and  the  cross  spectral  density  of  one  signal 
relative  to  the  other.  Auto  and  cross  covarianae  functions  were  obtained  by  . 
transforming  the  appropriate  frequency  domain  results.  Data  were  acquired  at  10v7 
samples  per  second  per  channel,  and  the  signals  were  conditioned  prior  to  sampling  by 
first  order  high  pass  filters  having  a  time  constant  of  one  second,  and  by  anti¬ 
aliasing  filters  cutting  off  at  675  Hz.  with  a  roll-off  rate  of  72  dB  per  octave 
(signifying  12  poles.)  The  results  were  corrected  to  remove  the  effects  of  both 
filters.  The  parameters  used  during  each  analysis  are  identified  on  the  figures 
by  the  fol lowing < 


N  -  the  number  of  samples  per  channel  used  in  each  DFT  transform 
M  -  the  number  of  transforms  used  to  compute  the  information  presented 
H  -  a  “Hanning*  markers  0  ■  No  Hanning,  1  -  Harmed  raw  data. 

The  remainder  of  this  Section  is  devoted  to  a  discussion  of  the  results  of  spectral 
analysis  and  related  computations  presented  in  figures  4.1.2.  to  4.1.11.  inclusive. 


4.1.1.  The  Effect  of  Varying  Averaging  Time. 


Figures  4.1.2.  and  4.1.3.  demonstrate  the  influence  of  averaging  time  upon  the 
reliability  of  the  power  spectral  density  estimates  for  eaoh  type  of  signal. 


Figure  4.1.6.  contains  the  inverse  transforms  of  the  above  results. 


Figure  4.1.8.  demonstrates  the  effect  of  averaging  time  upon  the  reliability  of 
frequency  response  functions  computed  from  the  cross  spectral  densities. 


Figure  4.1.9.  contains  the  corresponding  inverse  transforms  of  the  cross  spectral 
densities . 


The  figures  show  that  the  average  of  around  one  hundred  sample  blocks  is  required 
in  order  to  describe  the  signals  with  a  reasonable  degree  of  reliability  in  the 
frequency  domain,  with  power  spectra  apparently  converging  less  rapidly  than  the 
corresponding  frequency  response  functions.  In  practice,  Bhould  the  quantity  of 
data  available  be  insufficient  to  allow  the  average  of  approximately  one  hundred 
transforms  to  be  obtained  with  the  chosen  length  of  transform,  then  it  is  to  be 
recommended  that  either  the  transform  length  be  reduced,  or  frequency  domain  averaging 
be  employed.  It  should  be  assumed  that  the  dissemination  of  unreliable  results  will 
lead  to  mis-interpretation  of  the  data. 


It  will  be  observed  that  the  auto-covariance  function  for  the  broad  band  signal  contains 
information  which  is  not  significant  after  the  first  few  time  delays.  The  function, 
as  presented  in  figure  4.1.6.  would  not  be  very  useful  to  an  analyst.  A  re-plot  of 
the  first  twenty  or  so  milliseconds  would  be  justified  if  the  information  was  required 
to  be  examined  in  detail. 


The  auto-covariance  functions  for  the  narrow  band  signal  illustrate  the  problems  of 
interpreting  such  information.  The  results  contained  in  figure  4.1.6.  are  open  to 
erroneous  interpretation  even  after  100  sample  blocks  have  been  averaged  -  at  first 
sight  the  plot  indicates  that  there  may  be  two  modes  present  separated  by  approximately 
2  Hz.  Only  after  1000  sample  blocks  have  been  averaged  is  it  apparent  that  just  one 
mode  exists. 


It  should  be  noted  that  the  computed  RMS  values  for  the  broad  band  signal  are  more 
stable  than  those  for  the  narrow  band  signal  (figures  4.1,2.  and  4.1.3.),  a  result 
anticipated  by  the  expression  for  the  statistical  reliability  of  mean  square  value 
estimates  contained  in  Section  2.3.1. 


It  may  be  seen  that  the  power  spectral  density  estimates  for  the  narrow  band  signal, 
figure  4.1.3.,  do  not  conform  to  the  expected  shape  at  very  low  levels  (a  slope  of 
2  decades  per  decade,  or  6  dB  per  octave,  was  anticipated.)  This  is  the  effect  known 
as  “side  band  leakage*  and  is  caused  by  using  a  "boxcar*  data  window  (individual  data 
blocks  were  not  weighted  in  any  way  prior  to  transformation.) 


4.1.2.  The  Effect  of  Varying  Bandwidth 


Figure  4.1.4.  indicates  the  effect  of  analyser  bandwidth  on  the  power  spectral  density 
estimates  for  the  narrow  band  signal.  Corresponding  information  for  the  broad  band 
signal  has  not  been  included  because  analyser  bandwidth  is  not  important  for  signals 
of  this  type. 


Figure  4.1.7.  contains  the  inverse  transforms  of  the  above  results. 


Figure  4.1.10.  shows  the  effect  of  analyser  bandwidth  on  the  frequency  response 
functions  computed  from  the  cross  spectral  densities. 


All  the  results  shown  in  the  above  figures  were  obtained  using  the  average  of  100 
transforms.  As  the  analysis  bandwidth  was  increased,  the  averaging  time  was  reduced 
accordingly  to  keep  the  bandwidth-time  product  constant. 


Estimated  power  spectra  for  the  narrow  band  signal  (figure  4.1.4.)  vary  significantly 
over  the  range  of  bandwidths  presented,  the  perceived  peak  amplitude  reducing  from  _ 
approximately  0.43  unitsVHz  at  a  bandwidth  of  0.6975  Hz.  to  approximately  0.21  unitsVHz 
at  a  bandwidth  of  11.1607  Hz.  This  effect  is  accompanied  by  an  increase  in  amplitudes 
at  off-peak  frequencies  to  maintain  roughly  a  constant  RMS  value.  Thus  as  the  analysis 
bandwidth  was  increased,  the  apparent  damping  of  the  mode  increased. 


The  apparent  increase  in  damping  with  increased  analyser  bandwidths  is  carried  across 
to  estimates  of  the  frequency  response  function  (figure  4.1.10.)  Also  apparent  from 
these  results  is  a  decreased  level  of  coherence  as  the  analyser  bandwidth  is  increased. 


The  increase  in  apparent  damping  is  due  to  a  bias  error  caused  by  the  spectral 
averaging  effect  of  individual  analyser  filters.  The  effect  was  predicted  in 
Section  2.4.3.  (The  relationships  shown  in  figure  2.4.7.  were  deduced  experimentally 
from  the  results  presented  here  by  estimating  the  apparent  system  parameters  using 
frequency  domain  identification.)  The  observed  decrease  in  coherence  is  associated 
with  the  finite  length  of  data  used  to  calculate  each  DFT.  The  excitation  of  the 
narrow  band  filter  by  an  event  extends  for  a  significant  length  of  time.  The  result 
is  that  the  cause  and  effect  of  a  particular  event  could  be  in  different  transform 
blocks,  thereby  reducing  the  estimated  coherence  between  the  two  signals. 


The  auto-covariance  functions  contained  in  figure  4.1.7.  reflect  the  comment  made 
with  regard  to  the  effect  of  analyser  bandwidth  upon  estimates  of  power  spectra. 

Here,  however,  the  effect  of  decreased  block  length  is  demonstrated  moze  explicitly* 
the  maximum  time  delay  which  could  an  be  achieved  using  an  analyser  bandwidth  of  11.1607 
Hz.  was  reduced  to  0.0448  seconds  (compared  with  0.7168  seconds  for  a  bandwidth  of 
0.6975  Hz.) 


4.1.3.  The  Effect  of  Hanning. 


Figure  4.1.5.,  which  should  be  compared  with  figure  4.1.4.,  demonstrates  the  effect 
on  estimates  of  power  spectral  density  of  "Hanning*  each  block  of  raw  data  prior  to 
analysis.  The  comparison  shows  the  improved  "side-band  leakage"  properties  which  are 
associated  with  Hanning  (see  Section  2.4.1.)  observe,  however,  the  increase  in  apparent 
damping  particularly  at  high  analyser  bandwidths*  the  perceived  peak  amplitude  at  a 
bandwidth  of  11.1607  Hz.  (0.21  units'1 /Hz  without  Hanning)  is  reduced  to  approximately 
0.16  unitsvHz.  The  effect  is  reflected  in  the  auto-covariance  estimates  contained  in 
figure  4.1.7.  which  demonstrates  the  apparent  increase  in  damping  in  a  more  dramatic 
way. 


Figure  4.1.11.  contains  estimates  of  frequency  response  function  using  Hanned  raw 
data.  They  should  be  compared  with  the  equivalent  estimates  presented  in  figure 
4.1.10.  which  were  obtained  without  Hanning.  The  conclusions  to  be  drawn  are  similar 
to  those  noted  above  for  power  spectra.  Hare,  however,  the  effect  is  more  serious 
with  an  obvious  drop  in  the  coherence  function  at  frequencies  close  to  the  natural 
frequency  of  the  filter.  It  should  be  noted  that,  at  frequencies  outside  this 
problem  area,  the  effect  of  Hanning  was  to  increase  estimates  of  coherence. 


Thus  th«  effect  of  applying  a  Hanning  window  to  the  raw  data  blocks  is,  apparently, 
to  improve  the  stability  of  frequency  response  function  satins tee  la  areas  which  do 
not  include  resonances,  but  also  to  increase  the  bias  error  at  frequencies  does  to 
a  resonance.  In  general,  an  analyst  would  be  most  Interested  la  the  ships  of  a 
frequency  response  function  at  frequencies  close  to  reeonuoeai  thee  Banning  shonld 
not  normally  be  used  when  frequency  response  functions  are  the  px lnary  objective  of 
an  analysis. 


In  Summary,  the  results  provide  an  insight  into  the  oonseqeenoee  of  see— leg  particular 
values  of  averaging  time  and  analyser  bandwidth  upon  the  respiting  set testes  of  power 
spectral  density  and  frequency  response  functions.  They  indicate  the*  Beeping  ahneld 
not  normally  be  adopted  for  computing  cross  spectra,  and  that  the  eee  of  Beeping  for 
power  spectral  density  estimates  does  not  improve  the  es  tine  tee  slpUflcsaUj,  psrenlded 
that  sufficient  data  is  available  to  achieve  e  reliable  sversgs . 


It  ie  also  observed  that  auto-covariance  functions  for  narrow  band  signals  nowotgs 
only  slowly  to  a  result  which  is  free  from  potentially  ale  landing  ambiguities. 


PSD  <U*U/HZ>  PSD  CUXU/HZ) 


Bandwidth  -  0.6975  Uz 
RMS  Value  -  0.4844 
H  -  2048  M  »  1  H  -  0 


Bandwidth  «  0.6975  Uz 
RMS  value  «  0.4R51 
N  -  2048  M  -  10  H  -  0 


Bandwidth  -  0.6975  Uz 
RMS  Value  -  0.4864 
N  -  2048  M  -  100  H  ■  0 


Bandwidth  «  0.6975 
RMS  Value  -  0.4839 
N  -  2048  M  -  1000  H  -  O 
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Figure  4.1.3 
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4.2.  The  Measurement  of  Atmospheric  Turbulence. 


Atmospheric  turbulence  is  specified  in  terms  of  three  orthogonal  components  of  velocity. 
For  the  duration  of  particular  atmospheric  conditions/  an  adequate  description  of  the 
turbulence  is  often  considered  to  be  provided  by  the  amplitude  probability  density/  the 
power  spectral  density  and  the  spatial  autocovariance  function  of  each  component  of 
velocity.  When  viewed  from  an  aircraft  travelling  through  the  turbulence/  the  description 
can  usually  be  described  by  the  amplitude  probability  density  and  power  spectral  density 
of  the  vertical  and  lateral  aircraft  axis-related  components/  since  the  scale  of 
turbulence  is  usually  large  enough  in  relation  to  the  size  of  the  aircraft  to  justify  an 
assumption  of  perfect  spatial  correlation.  Further,  gust  velocities  can  be  assumed  to 
be  Normally  distributed  everywhere  except  at  altitudes  less  than  approximately  100  metres. 
Under  these  conditions,  atmospheric  turbulence  can  be  described  by  the  power  spectral 
density  distributions  of  the  vertical  and  lateral  components  of  gust  velocity.  The 
methods  by  which  these  may  be  deduced  from  flight  measurements  are  the  subject  of  this 
Section.  For  the  sake  of  simplicity  the  exposition  is  confined  to  the,  vertical  component 
of  gust  velocity.  However,  results  equivalent  to  those  presented  here* can  be  deduced 
directly  for  the  lateral  component. 


The  measurement  of  the  vertical  component  of  gust  velocity  from  a  moving  platform  is 
complicated  by  the  fact  that  the  platform  itself  can  translate  relative  to  its  mean 
trajectory.  The  measurement  is  normally  made  using  an  incidence  vane  mounted  on  the 
vehicle.  These  are  then  corrected  using  measurements  obtained  from  locally  mounted 
inertial  transducers.  Specifically,  using  the  notation  shown  in  figure  4.2.1., 

w  -  B  +  ffc  (  Z  -  6  )dt  +  C  4.2.1 

V  4  o  V 


The  constant  of  integration,  C,  can  be  neglected  since  only  the  dynamic  component  of 
gust  velocity  is  normally  required.  Hence, 

w  -  VB  +  (  Z  -  V8  ) dt  4.2.2 


The  evaluation  of  equation  4.2.2.  is  difficult  to  implement  because  any  offset  whatsoever 
in  either  of  the  inertial  measurements  will  result  in  the  integral  term  "drifting"  away 
without  limit.  A  practical  compromise  can  be  obtained  by  replacing  the  integrator  by  a 
low  pass  filter  (see  Section  1.5)  and  setting  the  time  constant  of  the  filter  to  a  value 
which  is  below  the  frquency  range  of  interest. 


The  vertical  component  of  gust  velocity  may  thus  be  extracted  from  measurements  of 
vane  incidence,  acceleration  and  pitch  rate  at  the  vane  mounting  point,  by  implementing 
equation  4.2.2.  as  shown  in  figure  4.2.2.  The  integrator  is  replaced  by  a  low  pass 
filter,  and  the  vane  incidence  measurements  are  high  pass  filtered  (using  the  same 
time  constant  as  that  used  in  the  low  pass  filter)  to  maintain  the  validity  of  the 
reconstitution.  The  circuit  can  be  described  in  the  frequency  domain,  as  follows. 


w.if/fo  -  v.B.if/fo  +  (  z  -  ve  ) 

1  +  if/fo  1  +  it /to  1  +  if/fo 


4.2.3. 


it  is  clear  from  equation  4.2.3.  that  the  reconstituted  gust  velocity  is  viewed  through 
a  high  pass  filter  having  a  half  power  frequency  of  fo. 


The  circuit  shown  in  figure  4.2.2.  can  be  used  to  process  the  measurements  either 
during  flight  prior  to  recording,  or  after  replaying  the  recordings  prior  to  processing. 
If  it  is  used  in  flight  before  recording,  then  the  circuit  effectively  reduces  the 
number  of  parameters  to  be  recorded,  but  difficulties  can  be  caused  by  the  need  to 
factor  two  channels  by  the  true  airspeed  of  the  flight  vehicle.  These  difficulties 
can  be  eased  somewhat  by  computing  the  gust  angle,  w/V,  rather  than  the  gust  velocity, 
when  only  one  parameter,  vane  mounting  point  acceleration,  has  to  be  scaled. 


Typical  results  which  have  been  obtained  by  applying  the  circuit  shown  in  figure  4.2.2 
to  the  task  of  reconstituting  the  lateral  component  of  gust  velocity  are  shown  in 
figures  4.2.3.  to  4.2.6. 
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An  alternative  method  of  extracting  the  vertical  component  of  gust  velocity  is  to 
process  the  measurements  in  the  frequency  domain  using  the  relationships  developed 
in  Section  2.5  (equation  2.5.54.)  to  yiald 

<Wf)  -  V2|HB(if)l2  ♦  V2G^(f)  * 

*tfi)2  ■  \rmr2 

+  V.Re  f iHB(if) .GgB(if)  -  iVHgtif) .G6B(if)  -  1  .Gg^(if)]  4.2.4. 

v.  2nt  j 


Here  the  frequency  response  characteristics  of  the  vane  (HB)  have  been  included  for 
the  sake  of  generality.  For  a  perfect  vane  Hfi  is,  of  course ,  unity. 


It  is  interesting  to  note  that  equation  4.2.4.  can  be  used  to  calibrate  an  incidence 
vane  dynamically  from  measurements  obtained  during  manoeuvres  executed  in  still  air 
conditions.  Satisfactory  manoeuvres  are  those  which  excite  the  short  period  pitching 
mode  in  a  random  fashion.  The  frequency  response  function  of  the  vane  may  bo  estimated 
by  computing t 

Vlf>  -  ^Wai*1**  -  V-GB6(tf»  4.2.5, 

2*iv.GSB<£) 

The  results  obtained  from  such  a  trial  are  likely  to  provide  good  results  over  the 
frequency  range  0.5  to  1.5  Hz  for  a  conventional  aircraft. 


Figure  4.2.2.  Analogue  Gust  Velocity  Reconstitution  Circuit 
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Figure  4.2.6.  Lateral  Gust  Velocity 
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4.3.  The  Analysis  of  Records  from  Flight  Flutter  Trials. 


Flight  flutter  trials  are  conducted  in  order  to  demonstrate  that  an  aircraft  is  free 
from  structural  instabilities.  Such  instabilities  can  occur  as  a  result  of  coupling 
between  the  flexible  modes  of  an  aircraft  structure  and  the  aerodynamic  forces  induced 
when  the  modes  are  excited. 


The  objective  of  a  flight  flutter  trial  is,  therefore,  to  excite  the  flexible  modes  of 
the  aircraft  under  investigation,  or  at  least  those  s>*ies  which  are  considered  to  be 
critical.  A  trial  is  normally  designed  to  cover  a  range  of  airspeeds  and  aircraft 
altitudes.  During  the  periods  of  excitation,  simultaneous  recordings  are  taken  of 
the  excitation  force  (when  appropriate)  and  the  responses  of  accelerometers  mounted 
at  strategic  points  around  the  aircraft  -  normally  close  to  the  extremities  where 
modal  displacements  are  greatest. 


The  recordings  made  during  a  trial  are  required  to  yield  the  natural  frequency  and 
damping  coefficient  ’of  each  mode  of  interest.  When  sufficient  accelerometer 
measurements  are  available,  then  estimates  of  the  shape  of  each  mode  may  be  required. 


A  number  of  methods  of  excitation  and  techniques  for  analysing  the  measurements  have 
been  proposed  and  implemented  in  an  effort  to  achieve  estimates  of  parameters  to  the 
required  accuracy.  The  difficulties  in  achieving  this  are  that  the  estimation  of 
natural  frequency  and,  in  particular,  damping  coefficient  is  an  exacting  task,  and 
the  measurements  are  often  corrupted  by  the  presence  of  one  or  more  of  the  following 
sources  of  noise: 


-  control  surface  movement  induced  by  the  pilot  or  autostabiliser 

-  jet  exhausts 

-  mechanical  components  (engines,  pressurisation  units,  etc.) 

-  propellor  or  fan  noise 

-  boundary  layer  pressure  fluctuations 

-  atmospheric  turbulence 


Reference  4.1.  contains  a  comprehensive  survey  of  the  techniques  which  are  employed 
to  execute,  and  to  analyse  the  results  of,  flight  flutter  trials.  However,  the  problems 
which  may  be  encountered  by  the  aeroelastician  during  the  course  of  a  series  of  flight 
flutter  trials  are  faced  by  any  engineer  seeking  to  obtain  information  about  the  transfer 
function  of  a  dynamical  system  from  experimental  measurements.  Such  measurements  will 
contain,  either  by  accident  or  design,  random  components  which  must  be  processed  in 
order  to  elicit  tha  required  information.  It  was  therefore  considered  to  be  relevant 
to  include  a  discussion  of  the  issues  involved  in  the  volume,  with  special  reference  to 
the  analysis  of  flight  flutter  trials. 


4.3.1,  Excitation  by  Atmospheric  Turbulence. 


Atmospheric  turbulence  can  excite  an  aircraft  structure  to  a  detectable  level  over  a 
wide  frequency  bandwidth.  It  is  for  this  reason,  coupled  with  the  fact  that  no  special 
excitation  equipment  need  be  installed  in  the  aircraft,  that  atmospheric  turbulence  has 
been  considered  as  a  means  for  exciting  an  aircraft  for  flight  flutter  trials. 


Atmospheric  turbulence  can  often  be  considered  to  be  perfectly  correlated  spatially 
(see  Section  4.2.)  This  implies  that  the  wing  span  of  the  aircraft  is  small  compared 
with  the  average  wavelength  of  the  turbulence,  and  that  the  aircraft  passes  through  a 
point  in  space  before  the  gust  velocity  obtaining  at  that  point  can  change  its  value 
significantly.  When  this  is  the  caae,  then  the  power  spectral  density  of  the  response 
of  a  point  on  the  aircraft  can  be  described  succinctly  as. 


Gr(f)  -  |  H(if)!2.Gw(f)  4.3.1. 


where  Gr(f)  is  the  PSD  of  the  response 

Gw(f)  is  the  PSD  of  the  gunt  velocity 
and  H(if)  is  the  transfer  function  of  the  aircraft 
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The  transfer  function  includes  components  due  to  the  aerodynamic  forces  in  addition  to 
those  due  to  the  characteristics  of  the  airaraft  structure.  If  the  former,  and  the 
value  of  the  PSD  of  oust  velocity,  change  comparatively  slowly  with  frequency,  then 
their  combined  effect  upon  the  response  PSD  can  be  assumed  to  be  constant  over  the 
range  of  frequencies  close  to  a  resonance  of  the  structure.  The  shape  of  the  response 
PSD  over  the  range  of  frequencies  can  then  he  used  to  identify  the  natural  frequency 
and  damping  coefficient  of  the  structural  mode. 


Several  techniques  have  been  used  to  identify  the  parameters.  These  include i 


a)  Half  Power  Frequencies. 


When  a  mode  is  well  separated  from  its  neighbours,  then  itc  behavior  resembles  that  of 
a  single  degree  of  freedom  system.  The  natural  frequency  and  damping  coefficient  of 
such  a  system  can  be  estimated  from  the  values  of  the  two  frequencies,  f ,  and  f at 
which  the  value  of  the  PSD  is  half  the  peak  value,  provided  that  the  system  damping 
is  low  and  the  PSD  of  the  excitation  is  substantially  constant  over  the  frequency 
range  of  interest.  The  parameters  can  be  calculated  using  the  followina  expressions. 


fQ  ■  f 2  +  fj  (natural  frequency) 

2 


4.3.2. 


z 


(damping  coefficient) 


4.3.3. 


b)  Direct  Identification  of  the  Parameters. 


The  simplest  algorithm  which  can  be  used  to  identify  the  parameters  is  based  (as  above) 
on  the  assumption  that  the  modes  are  well  separated,  and  the  mode  under  investigation 
can  be  represented  by  the  transfer  function  of  a  single  degree  of  freedom  system. 

When  this  is  the  case,  the  response  PSD  in  the  region  of  the  mode  is  given  by 

Gr(f)  -  _ K.(f/f0)2  +  A  +  B(1  -  (f/fQ))  4.3.4. 

|l  -  (f/*0)a  +  2isf/f0l2 


The  parameters,  including  the  dummy  parameters  A  and  B  introduced  to  account  for 
possible  contamination  from  adjacent  modes,  can  be  identified  using  precisely  the 
principle  proposed  in  Section  1.5. 1.3,  It  will  be  helpful,  when  deriving  expressions 
for  the  rate  of  change  of  error  with  each  parameter,  to  recall  that 


D(y)  -  y.D(ln(y) ) 


4.3.5. 


where  D  is  the  derivative  operator. 


The  idealisation  represented  by  equation  4.3.4.  requires  some  explanation.  It  was 
assumed  for  this  that  the  response  PSD  was  estimated  from  accelerometer  data.  A 
bandpass  filter  formulation  was  adopted  to  take  approximate  account  of  the  shape  of 
the  PSD  of  gust  velocity.  Parameter  B  is  optional,  and  may  often  be  omitted  without 
detriment  to  the  results.  Equation  4.3.4.  can  be  extended  to  include  two  (or  more) 
modes,  thereby  enhancing  the  applicability  of  the  technique  to  situations  where  modes 
are  grouped  together.  When  this  course  of  action  is  adopted,  it  is  generally  sufficient 
to  assume  uncoupled  modes  (i.e.  assume  no  off-diagonal  damping  elements.) 


c)  Identification  of  Auto-covariance  Functions. 


The  auto-covariance  function  of  the  response  of  a  single  degree  of  freedom  system 
excited  by  white  noise  can  be  used  directly  to  identify  the  natural  frequency  and  • 
damping  coefficient  of  the  system.  After  the  first  cycle  or  so  (during  which  the 
function  may  be  contaminated  by  noise  and  will  contain  information  about  the  response 
of  the  system  at  frequencies  well  away  from  resonance) ,  the  reduction  in  amplitude 
of  successive  peaks  or  troughs  in  the  response  will  follow,  ideally,  the  lew 


Peak  Amplitude  -  K.exp(-2«Sk) 


4.3.6. 


where  k  is  the  peak  (or  trough)  number 
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Thus  a  plot  of  the  logarithm  of  peak  amplitude  against  peak  number  can  yield  the 
damping  coefficient.  The  resonant  frequency  of  the  system  can  be  computed  simply 
by  averaging  the  time  between  successive  xero  crossings  having  a  positive  (or  negative) 
slope.  Thu  natural  frequency  can  then  be  obtained  as 


f 


o 


4.3.7. 


The  analysis  of  actual  data  is  rendered  rather  more  complicated  by  the  fact  that  a 
number  of  modes  will*  in  general ,  be  present  in  tne  auto-covariance  function  of  a 
measured  response.  When  this  occurs  the  normal  procedure  is  to  filter  the  function 
using  a  narrow  bandpasB  filter  (see  Section  1.5.2.)  centered  upon  the  frequency  of 
interest.  The  possibility  of  exciting  transient  responses  of  the  filter  is  reduced 
by  reversing  the  direction  of  time,  so  that  the  filter  processes  the  auto-covariance 
function  in  the  order  of  decreasing  lag  number.  The  technique  was  devised  by  Mazet 
for  analysing  measured  responses  obtained  after  a  structure  has  been  excited  impulsively 
(see  reference  4.1.) 


The  only  advantage  offered  by  the  technique  is  that  it  is  relatively  simple  to  calculate 
the  parameters  manually.  Xn  all  other  respects  the  method  described  under  b)  is 
superior. 


d)  Random  Decrement. 


The  principle  of  the  Random  Decrement  technique  is  discussed  in  Reference  4.6.  The 
results  yielded  when  the  technique  is  applied  to  the  analysis  of  reaords  obtained 
from  flight  flutter  trials  are  similar  to  those  derived  from  computing  auto-covariance 
functions,  and  the  comments  which  have  been  made  with  regard  to  that  technique  are  equally 
applicable  here.  A  possible  advantage  of  the  Random  Decrement  technique  is,  however, 
that  slightly  more  stable  results  can  be  extracted  from  a  given  length  of  time  history 
provided  that  suitable  “gate*  conditions  are  chosen. 


Four  methods  of  extracting  natural  frequencies  and  damping  coefficients  using  atmospheric 
turbulence  as  the  source  of  excitation  have  been  outlined.  Of  these,  the  second  method 
has  proved  to  be  reliable  and  economical  when  applied  to  PSD  estimates.  However,  it 
should  be  remembered  that  the  data  has  already  been  reduced  and  the  results  will,  in 
general,  contain  bias  errors  as  well  as  variance  errors  (Bee  Section  2.4.)  Xn  fact  it 
can  be  shown  that  only  auto- covariance  functions  which  have  been  computed  directly  and 
Random  Decrement  signatures  are  capable  of  yielding  unbiased  estimates  for,  in  particular, 
damping  coefficients.  Even  here,  the  use  of  filters  to  isolate  particular  modes  will 
introduce  a  bias  error. 


The  minimum  averaging  time  required  to  obtain  reliable  PSD  estimates  can  be  deduced 
from  the  examples  presented  in  Section  4.1.  and  the  results  presented  in  figure  2.4.7. 
From  the  latter,  assuming  that  the  raw  data  is  not  to  be  “Harmed"  and  allowing  a  ten 
percent  error  in  estimates  of  damping  coefficient,  the  required  analyser-to-filter 
bandwidth  ratio  is  0.4.  From  equation  4.3.3.,  the  required  analyser  bandwidth  is  thus 


B  *  0.8f0s  4.3.8. 


The  averaging  time  is  given  by 


T  «  H.N.h  4.3.9. 


where  M  is  the  number  of  transform  blocks  used  to  obtain  the  PSD.  Equation  2.4.4.  can 
be  used  to  write 

T  -  M/B  4.3.10. 

so  that,  from  equation  4.3.8., 
fo«  »  M/0.8 


4.3.11 
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The  examples  presented  in  Section  4.1.  suggest  that  more  than  ten  transforms  should 
be  used  to  obtain  a  reliable  PSD  estimate.  Thus,  if  M  is  chosen  to  be  twenty,  the 
required  bandwidth  and  averaging  times  are  given  by 


B  «  0.8fo« 
T  -  25/f0« 


4.3.12. 


The  application  of  equations  4.3.12.  to  two  typical  examples  yieldst 


Natural  Damping 

Frequency  Coefficient 


Analyser  Record 

Bandwidth  Length 


5.0 


0.02 


0.08 


250 


40.0 


0.02 


0.64 


31.3 


It  is  evident  from  the  above  that  long  runs  at  each  nominated  speed  and  altitude  are 
required  to  realise  stable  PSD  estimates.  Such  runs  may  be  difficult  to  achieve, 
particularly  at  trans-sonic  airspeeds.  Furthermore,  the  existence  of  adequate  levels 
of  turbulence  at  the  required  altitude  cannot  be  guaranteed.  These  facts  mean  that 
atmospheric  turbulence  is  only  rarely  used  as  a  primary  source  of  excitation  for  flight 
flutter  trials.  However,  the  possession  of,  and  confidence  in,  the  techniques  outlined 
above  can  permit  flight  flutter  trials  to  proceed  in  conditions  which  would  otherwise 
be  unacceptable. 


4.3.2.  Excitation  Source  which  can  be  measured. 


A  number  of  the  methods  of  excitation  which  are  used  in  flight  flutter  trials  permit 
the  force  applied  to  the  structure  to  be  derived  from  measurements  or  measured  directly. 
These  include  inertial  exciters  and  pyroteahnic  sources. 


When  the  input  can  be  repeated  (not  necessarily  exactly)  then  the  methods  described 
in  Section  2.4.  can  be  used  to  derive  frquency  response  functions,  even  though  the 
source  is  not  necessarily  random.  This  is  an  application  in  which  a  knowledge  of 
techniques  used  for  analysing  random  data  can  be  used  to  reduce  the  effects  of  random 
components  in  an  otherwise  deterministic  signal. 


As  an  illustration  of  the  procedure,  suppose  that  an  inertial  exciter  is  used  to  drive 
the  aircraft  with  a  swept  frequency  sinusoidal  forae  which  can  be  measured.  The  response 
of  an  accelerometer  mounted  on  the  aircraft  can,  in  the  frequency  domain,  be  expressed 
as 


Y(if)  -  H(if) .X(if)  +  N(if) 


4.3.13. 


where  X  is  the  DFT  (discrete  Fourier  transform)  of  the  measured  force 
(assumed  to  contain  no  error) 


N  is  the  DFT  of  all  unwanted  response  signal  components 

Y  is  the  DFT  of  the  total  accelerometer  response 
(including  unwanted  components) 

and  H  is  the  transfer  function  of  the  aircraft. 

An  estimate  of  the  frequency  response  function  is  given  by  dividing  equation  4.3.13.  by 
the  DFT  of  the  input i 


Y(if) 

X?T?) 


H(if)  +  N(if ) 

xTT?) 


4.3.14. 


Quite  clearly,  the  estimate  of  the  frequency  response  function  so  obtained  will  be 
unbiased  only  if  N (if)  is  zero  at  all  frequencies.  However,  equation  4.3.13.  can 
equally  well  be  written! 


Y (if) .X* (if)  -  H(if) . X ( i f ) .X*(if)  +  N(if) .X* (if) 


4.3.15. 


mh 


It  will  be  observed  that* 


X(if).X*(if) 

X(if).X*(if) 
N(if) .X*(if) 


is  proportional  to  the  cross  spectral  density  of  the  response 
and  the  input  force 

is  proportional  to  the  power  spectral  density  of  the  input  foroe 

is  proportional  to  the  arose  spectral  density  of  the  "noise* 
and  the  input  force. 


If  the  unwanted  signal  components  represented  by  N(if)  are  independent  (i.e.  are  not 
correlated  with  the  input  force) ,  then  the  last  term  can  be  reduced  by  coeluting  the 
power  and  cross  spectral  densities  using,  in  each  transform  block,  the  results  obtained 
from  a  different  trial  to  obtain,  ultimately. 


G^tif)  -  H(if )  .G^tif) 


4.3.16. 


from  which  an  estimate  of  the  frequency  response  function  can  be  derived. 


Note  that,  in  this  application,  the  filtering  property  of  cross  speatral  analysis  is 
used  to  reduce  the  unwanted  components  of  the  measured  acceleration,  even  though  the 
input  force  is  deterministic.  For  best  results,  the  force  time  history  should  be 
similar  in  each  trial.  When  this  can  be  arranged,  the  coherence  function  derived 
from  the  power  and  cross  spectral  density  estimates  can  provide  an  insight  into  the 
levels  of  noise,  the  repeatability  of  the  responses,  etc. 


The  technique  described  above  can,  of  course,  be  used  equally  well  when  random  or 
impulsive  force  inputs  are  used.  When  a  deterministic  input  is  used,  then  the  length 
of  a  transform  block  should  be  chosen  so  aB  to  include  the  whole  of  the  response  to 
the  input,  or  at  least  that  part  of  the  response  which  is  discernable. 


once  an  estimate  of  the  transfer  (or,  more  properly,  frequency  response)  function 
has  been  obtained,  then  identification  methods  can  be  used  to  estimate  the  natural 
frequency,  damping  coefficient,  and  response  amplitude  of  each  mode.  In  fact,  if  a 
number  of  aaaelerometers  are  used  in  the  trials,  then  the  frequency  response  function 
of  each  aan  be  used  collectively  to  obtain  estimates  of  the  natural  frequency  and 
damping  coefficient,  and  individually  to  obtain  estimates  of  the  mode  shape. 
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4.4.  Applications  in  Evaluating  Aircraft  Handling  Qualities. 


The  task  of  designing  an  aircraft  so  that  it  is  capable  of  fulfilling  its  primary  function 
and,  at  the  same  time,  possesses  the  qualities  necessary  to  enable  the  pilot  to  fly  the 
aircraft  accurately  and  safely,  is  a  perennial  problem  which  has  attracted  the  close  atten¬ 
tion  of  aircraft  designers  since  before  the  first  manned  flight.  The  problem  can  be 
described  as  assessing  the  stability  of  a  non-linear,  adaptive  sensing  and  feedback 
mechanism  (the  pilot)  situated  in  a  "noisy"  environment  controlling  a  non-linear  system 
(the  aircraft)  using  a  redundant  set  of  control  parameters.  When  aircraft  were  flown 
manually  with  few  aids,  the  designer  used  heuristic  criteria  based,  to  a  great  extent,  upon 
past  experience. 


The  introduction  of  powered  controls  and  stability  augmentation  systems  (SAS)  gave  the 
designer  some  latitude,  but  the  advent  of  automatic  flight  control  systems  (AFCS)  has 
potentially  removed  most  of  the  constraints  within  whiah  the  designer  has,  in  the  past, 
had  to  operate.  However,  the  pilot  of  an  aircraft  equipped  with  AFCS  is  no  longer 
flying  the  aircraft;  it  is  nore  accurate  to  say  that  he  is  flying  the  AFCS.  Thus 
the  designer  is  presented  with  more  flexibility  but,  at  the  same  time,  he  is  presented 
with  a  more  complex  control  problem  to  solve. 


4.4.1.  Evaluation  of  Aircraft  Ride  Qualities. 


Whilst  it  is  not  obviously  connected  with  the  aircraft  handling  problem,  the  ride  quality  of 
an  aircraft  can  affect  the  overall  safety  of  operation  of,  in  particular,  large  transport 
aircraft.  Indeed,  several  near  accidents  have  been  attributed  to  pilot  disorientation  oaused 
by  severe  motion  of  the  flight  deck  when  the  aircraft  encountered  atmospheric  turbulence. 
Incidents  of  this  type  stimulated  studies  into  the  two  factors  which  affeat  the  ride  quality 
of  an  aircraft:  the  respom.e  of  the  aircraft  to  atmospheric  turbulence  and  the  reaction  of 
the  pilot  to  that  response .. 


The  problem  was  investigated  in  some  depth  at  (what  was  then)  Hawker  Siddeley  Aviation  Ltd. , 
Hatfield  in  1965.  A  program  to  compute  the  symmetrical  response  of  a  flexible  aircraft  to 
atmospheric  turbulence  was  developed.  The  subjective  "transfer  function"  of  a  pilot  was 
assessed  experimentally  using  twenty  volunteers:  an  attempt  at  determining  an  objective 
transfer  function  by  measuring  the  task  performance  of  the  volunteers  was  successful  mainly 
in  demonstrating  the  remarkable  adaptability  of  the  human  servo  system.  The  results  of  the 
subjective  experiment  were  used  to  determine  a  frequency  dependent  weight  funotion  which 
could  be  used  to  weight  calculated  aircraft  responses.  The  RMS  values  of  the  weighted 
spectra  were  used  to  assess  the  ride  qualities  of  several  existing  and  proposed  designs. 

The  study  highlighted  the  need  to  keep  the  fuselage  fundamental  bending  mode  frequency 
away  from  the  "heart- lung"  body  resonance  which  occurs  normally  at  around  5  to  6Hz. 


Studies  similar  to  those  outlined  above  have  been  reported  elsewhere,  notably  in  references 
4.2  and  4.3. 


4.4.2.  Evaluation  of  the  Pilot  Describing  Function. 


It  is  often  required  to  evalute  the  performance,  and  particularly  the  stability,  of  an 
aircraft  incorporating  an  AFCS  before  the  aircraft  has  flown.  This  evaluation  is  often 
performed  by  qualified  test  pilots  using  a  ground  based  flight  simulator  into  which  models 
of  the  aircraft  and  the  AFCS  have  been  incorporated.  The  value  of  such  an  exercise  can  be 
questionable  in  marginal  situations  particularly  when  the  visual  and  motion  cues  presented 
to  the  pilot  are  not  exact. 


Attempts  have  been  made  to  overcome  the  problems  associated  with  subjective  evaluation  of 
the  handling  qualities  of  an  aircraft  by  modelling  mathematically  the  function  of  the  pilot. 
Since  a  pilot  is  essentially  a  non-linear  adaptive  element  producing  an  adequate  model  of 
his  function  is  not  an  easy  task.  Those  which  have  been  produced  to  date  have  been,  in  the 
main,  quasi-linear  model  estimated  from  the  measurements  made  of  his  response  to  a  range  of 
tasks.  The  random  measurements  have  been  analysed  using  the  techniques  described  in  Section 
2.4.  to  produce  an  equivalent  transfer  function  applicable  to  the  particular  type  of  task. 
Reference  4.4.  contains  a  description  of  the  methods  which  can  be  used  to  derive  models  of 
pilot  performance  and  presents  results  which  have  been  achieved. 


4.4.3.  Evaluation  of  Handling  Qualities. 


The  problem  of  optimising  the  performance  and  handling  qualities  of  an  aircraft/AFCS  has 
received  attention  in  flight  test  establishments.  Difficulties  arise  because  deficiencies 
in  handling  qualities  may  only  become  important  during  exacting  phases  of  a  flight,  such  as 
landing,  combat  manoeuvres,  etc.  Analysis  techniques  are  therefore  required  which  are 
capable  of  describing  the  performance  of  the  various  elements  of  the  system  from 
measurements  obtained  during  such  exacting  phases. 
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The  solution  adopted  at  AFFTC  is  to  require  a  pilot  to  execute  specified  manoeuvres,  such 
as  a  precision  tracking  manoeuvre,  whilst  various  aircraft  parameters  are  being  recorded. 
The  measured  parameters  include  steady  state,  or  slowly  changing,  components  and  these 
are  removed  from  the  records  by  pre-processing  (see  Section  1)  to  leave  a  random  remnant 
which  can  be  used  to  obtain  estimates  of  frequency  response  functions  between  various 
elements  of  the  system.  The  frequency  response  functions  are  then  examined  in  detail  to 
evaluate  the  handling  qualities  of  the  airaraft. 


The  technique  offers  the  attraction  of  providing  linearised  system  characteristics  whilst 
the  aircraft  is  being  exercised  in  a  representative  way,  but  it  may  be  difficult  to  obtain 
sufficiently  long  records  from  one  manoeuvre.  Nevertheless,  considerable  insight  into 
understanding  the  factors  influencing  the  handling  qualities  of  an  aircraft  has  been  gained 
from  such  flight  trials  (see  reference  4.5.)  and  the  technique  promises  to  become  a  power¬ 
ful  tool  for  optimising  the  handling  qualities  of  an  aircraft  during  critical  phases  of  a 
flight. 
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The  Rgductl on  of  Random  Measurements  to  a  Form  Suitable 
for  Certification  Trials, 


4.5. 


A  structure  will  normally  be  subjected  to  loads  caused  by  a  variety  of  phenomena  during 
the  course  of  its  aervice  life.  The  design  organisation  may  be  required  to  demonstrate 
that  the  structure  is  capable  of  withstanding  the  various  loads  for  the  duration  of  its 
service  life  without  catastrophic  failure.  Such  a  requirement  would  normally  be  satisfied 
partly  by  calculation  and  partly  by  conducting  ground  trials  on  one  or  more  specimens  of 
the  structure.  Before  either  calculations  or  the  design  of  ground  trials  can  proceed, 
details  of  the  characteristics  of  each  source,  and  of  its  probability  of  oacurence  must 
be  obtained. 


Certain  types  of  sources  produce  a  randomly  varying  load  which  is  not  predictable 
theoretically.  Examples  are  runway  and  road  surface  undulations,  boundary  layer  turbu¬ 
lence,  control  circuit  loads  induced  by  a  pilot,  jet  exhausts,  etc.  In  such  cases  the 
loads,  or  at  least  the  response  of  the  structure  to  the  loads,  must  be  measured  and 
reduced  to  a  form  which  can  be  used  for  predicting  the  life  of  the  structure. 


The  techniques  which  are  described  in  Chapters  2  and  3  are,  in  the  main,  applicable  to 
stationary  measurements,  and  sometimes  only  to  measurements  also  having  a  Gaussian 
amplitude  probability  density  distribution.  Difficulties  of  interpretation  can  occur 
when  these  conditions  do  not  apply.  Two  cases  are  considered  in  this  Section.  The 
first  is  concerned  with  the  reduction  of  conditionally  stationary  data  to  a  form  which 
can  be  used  for  the  specification  of  ground  clearance  trials.  The  second  case  is 
concerned  with  the  more  contentious  situation  when  the  assumption  of  conditional 
stationarity  cannot  be  justified. 


Case  1.  Conditionally  stationary  measurements  having  a  Gaussian  APD. 


When  the  RMS  value  of  a  random  signal  varies  with  parameters  which  can  be  controlled, 
but  at  any  fixed  set  of  parameter  values  the  PSD  is  invariant,  then  a  description  of  the 
signal  can  be  compiled  by  computing  a  series  of  PSDs,  each  obtained  from  measurements 
recorded  at  constant  values  of  the  parameters.  The  PSDs,  when  associated  with  prob¬ 
abilities  of  ocaurance  of  the  appropriate  values  of  the  parameter  sets,  can  be  used  to 
specify  a  suitable  ground  teat.  Examples  of  phenomena  which  can  be  described  in  this 
way  are  jet  exhausts  and  boundary  layer  turbulence.  The  frequency  bandwidths  of  these 
phenomena  are  often  such  that  it  may  be  assumed,  at  least  for  fatigue  purposes,  that  the 
normalised  PSD  <PS0  divided  by  the  mean  square  value)  is  invariant.  .  This  assumption 
aan  permit  a  major  simplification  in  the  specification  of  a  ground  trial  by  using  a 
knowledge  of  the  fatigue  properties  of  similar  structures  to  compute  a  test  time  at 
one  SMS  value  which  will  produce  the  same  damage  as  that  accumulated  by  application 
of  each  of  the  components  for  the  appropriate  time.  As  an  illustration,  suppose  a  set 
of  measurements  is  reduced  to  the  fol lowing »- 


Proportion  of  time 
(percent) 

57 

31 

10 

2 


Suppose  also  that 


“  (  SMS  1  ) ”3 

T2  (  SMS  2  ) 


RMS  value 


0.1 

0.3 

0.5 

0.8 


Then  a  test  may  be  specified  having  a  SMS  value  of  0.8,  the  appropriate  PSD,  and  a  time 
(as  a  proportion  of  real  time)  given  by 


0.57  (  0.1/0. 8  )? 
0.31  (  0.3/0. 8  )S 
0.10  (  0.5/0. 8  )f 
0.02  (  0.8/0. 8  )■* 


0.001 

0,018 

0.024 

0.020 


0.061 
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The  resulting  test  would  be  conducted  at  an  RMS  level  which  is  not  unrealistic,  but  which 
would  occupy  only  6  percent  of  real  time.  The  degree  of  conservatism  of  the  test  would 
depend  upon  the  chosen  value  of  the  power  index  (a  lower  value  giving  a  more  severe  test) . 


It  is  worth  noting  at  this  point  that  increasing  the  test  RMS  value  to  a  level  which  is 
not  encountered  in  service  merely  to  reduce  the  test  time,  is  somewhat  hazardous  for  two 
reasons.  The  power  index  is  normally  a  function  of  RMS  value  and  can  change  sharply  when 
a  significant  amount  of  plastic  deformation  occurs.  Bolted  and  rivetted  joints  are  non¬ 
linear  elements)  if  they  are  made  to  "work"  in  an  unrepresentative  manner,  the  resultant 
"springing”  of  rivets  and  fretting  of  the  lapping  surfaces  can  dramatically  alter  the 
stress  levels  and  cause  premature  failure  of  the  structure. 


Cuss  2.  Non-Stationary  Measurements. 


When  the  RMS  value  of  a  random  signal  varies  with  parameters  which  cannot  be  controlled, 
then  the  method  described  above  can  be  used  only  with  difficulty  (and  with  some  uncertainty 
regarding  the  validity  of  the  results  obtained.) 


An  alternative  method  is  suggested  by  the  assumption,  frequently  invoked  in  the  design  of 
fatigue  tests,  that  the  order  of  application  of  load  is  immaterial.  It  seems  reasonable 
to  suppose  that,  if  suitably  short  lengths  of  record  could  be  selected  and  transposed,  a 
signal  of  the  type  under  consideration  could  be  converted  intc  one  having  a  finite  number 
of  stationary  segments.  The  method  outlined  above  could  then  be  used  to  compile  a  suitable 
fatigue  test.  It  remains  tc  devise  a  method  of  estimating  RMS  values  for  and  the  lengths 
of  each  stationary  segment. 


It  is  assumed  that  sufficient  data  exists  to  constitute  a  representative  sample  of  the 
phenomenon  (or  response  to  the  phenomenon)  and  to  define  the  APD  to  a  sufficiently  low 
value  of  probability  density.  In  the  majority  of  cases,  the  estimated  APD  obtained  from 
the  data  will  have  a  leptokurtic  form  (the  probability  density  of  both  very  low  and  very 
high  excursions  will  be  greater  than  that  expeatad  from  a  Normal  distribution.)  When  this 
is  so,  the  APD  can  be  idealised  by  the  sum  of  N  weighted  Normal  distributional 

P(y)  «  £  K,.  1  .axp  (  xX-  >  4.5.1. 

°i  Jzn  (  20^) 


The  success  of  the  idealisation  is  measured  by  a  "cost  function"  having  the  form 


r  -  urn  i  Cv  Ll*  p<y>}  -  *  {pty)}lady  4.5.2. 

y-».oo  2Y  o  -y  4  * J 


Where  f  {a}  is  any  suitable  function  of  the  argument  A.  A  particular  form  of  equation 
4.5.2.  which  has  proved  to  be  successful  is 


r  -  ^i  Jy^[iogp<y)  ~  p(y) ]  2<*y  4.5.3. 


Where  Y  is  chosen  to  be  suitably  large.  This  may  be  written,  when  the  estimated  APD  is 
a  discrete  function  of  y, 


R 


35*1 


log{p(jdy)]]  2 


4.5.4. 


In  practise,  equation  4,5.4.  must  be  modified  to  take  account  of  possible  null  estimates 
of  probability  density.  These  are  omitted,  and  the  divisor  2N+1  adjusted  accordingly. 


In  principle,  equation  4.5.1.  can  be  substituted  into  4.5.4.,  and  the  cost  function 
differentiated  with  respect  to  each  of  the  unknown  parameters  to  obtain  estimation 
equations.  However,  difficulties  can  arise  with  this  general  formulation  because  the 
structure  of  each  component  of  4.5.1.  is  identical,  so  that  very  good  initial  estimates 
of  the  unknown  parameters  axe  required  for  the  process  to  converge. 
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An  implementation  which  has  bean  used  successfully,  and  is  a  drastic  simplification  of 
the  method  outlined  above,  assumes  that 

a)  Three  components  of  equation  4.5.1.  are  sufficient  to  idealise  an  APD. 

b)  The  RMS  values  of  the  three  components  have  the  fixed  relationship 

■  -  4?3 

c)  The  value  of  the  greatest  RMS  value#  <3^,  is  to  be  chosen  by  the  user. 

With  these  assumptions#  the  problem  is  reduced  to  estimating  the  values  of  the  three 
weights  K^,  K2  and  X3> 


If  equation  4.5.1.  is  simplified  to  read 


p(y) 


(X+AX) , .exp  -v2.2(2i**2) 

J  _  1  1  <1 


i-1 


4.5.5. 


2c‘ 


Where  <r  is  the 
arised  estimation 


greatest  RMS  value  and  (K+AK).  are  the  required  weights#  then  the  line- 
on  equations  are  given  by 


IakJ  -  [£hth  ]  "1.IJhT  1  pm  -  p«y)|] 


4.5.6. 


Where  U  is  a  1  x  3  vector#  the  ith  element  being  given  by 


1  .  exp 

p(yj) 


_„2  - (21-2) 

yj*2 


2cr 


2 


4.5.7. 


The  presence  of  p(y)  in  the  H  vector  means  that  the  estimates  given  by  equation  4.5.6. 
are  approximate  only,  and  the  estimation  procedure  must  be  repeated  until  the  AX 
vector  approaches  zero.  Suitable  Initial  values  must  be  chosen  for  X..  It  is 
suggested  that  the  maximum  value  of  the  measured  APD  be  used  for  X.,  with  X,  »  K./10 
and  Xx  -  X3/100.  J  a  j 


The  weights  K.  are  estimates  of  the  proportion  of  the  original  signal  having  an  RMS 
value  equal  to  the  appropriate  c.t  if  they  are  multiplied  by  the  averaging  time# 
then  they  become  estimates  of  time  spent  at  each  RMS  value.  It  should  be  noted  that, 
in  general,  the  sum  of  the  weights  is  not  unity,  the  actual  value  being  dependent  upon 
the  chosen  Maximum  RMS  value  and  the  shape  of  the  measured  APD.  Normally,  the  sum 
turns  out  to  be  less  than  unity,  implying  that  sections  of  the  signal  have  an  RMS  value 
which  has  been  idealised  as  zero. 


The  “best"  maximum  RMS  value  for  a  particular  signal  may  be  determined  by  repeating  the 
procedure  for  various  asssumed  RMS  values#  and  using  the  cost  function  (equation  4.5.4.) 
to  indicate  the  success  of  the  resulting  idealisation. 


An  example  of  the  application  of  the  technique  is  shown  in  figure  4.5.1.  The  data 
originated  from  measurements  made  during  road  transportation  trials#  and  was  reduced 
to  an  APD  using  the  algorithm  described  in  Section  2.3.2.  This  was  idealised  using  the 
above  technique  for  a  range  of  assumed  maximum  RMS  values.  The  idealised  function  for 
one  assumed  RMS  value  is  shown  in  the  figure  as  a  dashed  line.  The  derived  test  time 
(expressed  as  a  proportion  of  real  time)  and  the  "fit"  parameter  (square  root  of  tbs  cost 
function)  are  shown  as  a  function  of  maximum  RM8  value  1&  figure  4.5.2. 


A  power  spectral  density  of  the  process  may  be  estimated  by  computing  the  "Normalised* 
PSD,  that  is,  each  PSD  estimate  is  divided  by  its  mean  square  value  prior  to  averaging. 
The  result  will  have  a  unit  mean  square  value;  thus  a  suitable  test  PSD  can  be  obtained 
by  multiplying  the  Normalised  P8D  by  the  square  of  the  test  RMS  value. 


Ill 


A  number  of  assumptions  are  implicit  in  the  above  analysis.  They  includes 


-  The  measurements  which  are  available  are  assumed  to  be  representative 

of  the  service  environment  and  of  sufficient  length  to  obtain  a  reliable 
estimate  of  the  APD 

-  The  spectral  shape  of  the  phenomenon  is  independent  of  the  RMS  value 

-  The  shape  of  the  APD  is  independent  of  frequency. 

Within  these  assumptions!  the  technique  provides  a  method  of  reducing  non-stationary 
measurements  to  a  form  which  can  yield  a  specification  for  ground  clearance  trials 
which  is  compressed  in  time,  but  which  is  realistic  in  terms  of  fatigue  damage  and 
maximum  induced  excursions  (loads.) 


o  10+1 


\0-S-- 
-2  0 


XM0D<X> 


2.0X10+01 


K  =  1.16, +00  7.47,-03  9.68,-05 

RM8  *  0.850  UNITS  P.IND  =  3.30 
T8/T*  7.53,-03  FIT  =  6.72.-01 


Figure  4.5.1.  Measured  APD  and  a  Three  Component 
Gaussian  Idealisation. 
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APPENDIX  Aj. 


■sw,  Fourier  series  and  Fourier  Transfogn. 

k  good  working  knowledge  ^  ^^^^o^developing  routinea^or 
Fourier  transform  i**“f^s£L££  fully  the  results 
knalysing  random  data  w\d  £o*  ^  ”^*tjLon  0f  this  fact.  Appendix 
iroduced  by  puchroutines.lnrecogni  ^  hQth  the  Fourier  series 
^  contains  an  outline  of  the  pri Lncip  r6latlonahlp  between  the 

ss  a^'sg'^Su- «■  sSb*s,^rLi?«?rs*t*  * 

to  re*,:l£l°  t“k*- 

*»  oo»t„«  o£  «>f  *»ssus.“.,ssstS£:ls,t£  sral“‘ 

u  and  C,  which  contain  '^SSreseihich6^ke  use  of  the  FFT. 
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A.  1.  The  Fourier  Series. 


A  signal  y ( t)  which  is  everywhere  finite  and  is  periodic  over  a  time  T  can  be  represented 
by  a  Fourier  series  comprising  the  weighted  sum  of  sine  and  cosine  functions. 


Specifically, 


y(t) 

. 

CO 

aQ  +  2.  £  (a  .cos27mft  +  b  .sin2wnft) 

A, 1.1. 

n«l 

where 

f 

m 

1/T 

A. 1.2. 

*n 

m 

1.  fT  y(t)  .cosZTinft.dt 

T  o 

A. 1.3. 

and 

bn 

- 

1.  fT  y(t) ,sin2^nft.dt 

T  J  o 

A. 1.4. 

Equation  A. 1.1. 

can 

be  written  more  succinctly  by  recognising  that 

cos 

8  +  i.sin  8  »  exp(i8) 

A.l.S. 

Thus 

y(t) 

m 

00 

£  cn.oxp  (27tinft) 

A- ',.6. 

n— oo 

where 

cn 

- 

1.  rT  y (t)  .exp(~27tinft)  .dt 

T  o 

A. 1.7. 

■ 

a  -  i.b 
n  n 

A. 1 . 8 . 

If  y(t) 

is  represented  by  an  N- length  sampled  sequence  such  that 

y(j) 

m 

y(h.  j/ 

A. 1.9. 

where 

h 

is 

the  interval  between  successive  samples 

and 

N 

m 

T/h 

then  equations 

A. l.i 

6.  and  A. 1.7.  become,  assuming  trapezoidal  integration. 

y(j) 

m 

CN/2-1) 

£  c(n)  ,exp(27yinj) 

n— N/2  N 

A. 1.10 

m 

(N-l) 

y  c(n)  .exp(27rinj) 

N 

n-o 

A. 1.11 

and 

c(n) 

m 

(N-l) 

1.  y  y( j) .exp(-2^1nj) 

N  jro  N 

A. 1.12 

i  17 


Note  that  the  summation  limits  of  ft, 1.10.  have  been  changed.  The  reason  for  this  may 
be  found  by  examining  equation  A. 1.12.  If  kN  is  added  to  n  in  the  exponential  term, 
then  it  will  be  observed  that 


exp(-27tij(n+kN))  «  exp(-2?rljn)  A.1.13. 

N  N 


since  exp(-2hijk)  -  1  for  all  i,j»k 

Hence  c(n+kN)  »  c(n)  A. 1.14, 

Thus  no  new  information  is  obtained  by  setting  n<0  or  n>N-l,  This  may  be  seen  as  a 
re-  iteration  of  the  Sampling  theorem.  The  maximum  frequency  corresponding  to  n  -  N/2-1 
is  given  by  equation  A. 1.10. ,  so  that 

fm„„  -  (O.SN  -  1)  Hz.  A.1.15. 

max*  ~ O 


The  moduli  of  the  coefficients  a(n)  of  equation  A. 1.12,  define  the  magnitude  of  each 
sinusoidal  component  contributing  to  y(j) .  Thus  a  sequence  containing  the  moduli  of 
c(n)  can  be  interpreted  as  a  frequency  "spectrum"  of  amplitudes  spaced  1/hN  Hz.  apart/ 
and  equation  A. 1.12.  can  be  looked  upon  as  defining  a  "filtering*  process  since  its 
action  is  to  separate  out  the  frequency  domain  components  which,  taken  together,  form 
the  time  domain  sequence  y(j) . 


It  is  to  be  observed  that  the  coefficients  c(n)  completely  describe  y(j)  by  virtue  of 
equation  A. 1.11.  They  therefore  constitute  a  definition  of  y(j). 


A. 2.  The  Fourier  Transform. 


If  a  signal  y(t)  is  everywhere  finite  and  of  finite  length,  then  the  concept  of  the 
Fourier  series  can  be  extended  to  the  situation  where  y(t)  is  aperiodic.  The  relevant 
expressions,  which  are  equivalent  to  equations  A. 1.6.  and  A. 1.7.  are* 


1 

>1 

f*  Y(if) ,exp(2rcift) .df 

Ai2tl* 

-00 

where 

Y(if)  - 

J°°y(t)  .exp(-27rift)  .dt 

—QO 

A* 2  *  2  e 

A  formal  derivation  of  these  expressions,  which  are  known  as  a  Fourier  pair,  may  be 
found  in  Reference  A.l.  As  was  the  -ase  for  the  Tourier  series  coefficients  c(n} , 
the  function  Y(if)  can  be  interpreted  as  a  frequency  spectrum  completely  describing 
the  time  domain  function  y(t). 


Y (if)  is  a  complex  function  which  may  be  written* 


Y  (if ) 

-  R( f )  +  1(f)  -  I Y (if ) | .exp (16(f) ) 

A.2.3. 

where 

R(f> 

00 

«  j  y (t)  .coti2?ift.dt 

A.2.4. 

—00 

and 

1(f) 

«•  J°°y(t}  .sin2^rft.dt 

A.2.5. 

-00 


Thus,  if  y(t)  is  real,  R(f)  and  1(f)  are,  respectively,  even  and  odd  functions  of 
frequency,  i.e. 


R(f )  -  R(-f)  and  1(f)  -  -I(-f)  A.2.6. 


A. 2.7. 


or 


Y(if) 


Y*(-lf) 
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It  therefore  follows  that 

1  Y (if)  l  -  (  R2(f)  +  I2(f)  )*  -  Y(-if)  A.2.8. 

and  9(f)  ■  arctan  1(f)  -  -6(-f)  A. 2. 9. 

R(?) 

A  number  of  useful  properties  of  the  Fourier  transform  can  be  deduoed  by  manipulating 
equations  A. 2.1.  and  A. 2. 2.  The  more  important  of  these  are  listed  below. 


A. 2.1.  The  Superposition  Theorem. 

The  algebraic  sum  of  two  signals,  y^(t)  and  y2(t),  can  be  written,  from  equation  A. 2.1., 

a.y^t)  +  b.y2(t)  ■  /^a.Y^df)  ,exp(27rift)  .df 

+  f^b.Y-Uf)  .exp(2nift)  ,df 
-00  * 

-  J*(a.Y^(if)  +  b.Y, (if) ) .exp(2nift) .df  A.2.10. 

•CO 

or  a.y1(t)  +  b.y2<t)  <-- >  a.Yl(if)  +  b.Y2(if)  A.2.11. 

The  Fourier  transform  is  therefore  a  linear  operator. 

A. i. 2  The  Shift  Theorems. 

If  the  time  origin  of  a  signal  is  moved  by  T,  such  that  y(t)  becomes  y(t-T),  then 
equation  A. 2. 2.  becomes 

V*  (if)  «  fC°y(t-T) .exp(-2*ift) .dt  A. 2. 12. 

-00 

Write  t'  -  t-T 

then  equation  A. 2. 12.  becomes 

Y' (if)  -  J*y(t' ) .exp(-2rcif (t’+T) ) ,dt  A.2.13. 

-00 

or,  Y' (if)  -  Y(if) . exp(-inifT)  A.2.14. 


Equation  A.2.14.  states  that  the  introduction  of  a  delay  T  in  the  time  domain 
translates,  in  the  frequency  domain,  to  a  constant  rats  of  change  of  phase  with 
frequency,  given  by 


dg  •  -27TT 

3? 


radians  per  Hs. 


A.2.1S. 


The  complementary  relationship  can  be  developed  to  yieldi 

y'  (t)  ■  /  Y(i(f-p) )  .exp(2?rift)  .dt 

-00 


A.2.16. 
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or,  y'(t)  -  y(t)  .exp (27ri.pt) 


A. 2. 3.  The  Multiplication  Theorem. 

Whan  it  la  integrated  over 
can  be  written: 

all 

time,  the  product  of  two  signals,  y^(t) 

and  y2(t). 

Jc°y1(t) .y2(t) .dt 
—00 

- 

J"°°yi  (t)  f®Y2(if)  .exp(2*ift)  .d£  .dt 
—00  —00 

A.2.18. 

m 

J°°Y  (if)  ,df .  f®y,  (t)  .exp(2»ift)  .dt 
-oo  2  -oo  A 

A. 2. 19. 

m 

j‘°0Y2(i£).Y,(-if).df 

-00 

A. 2. 20. 

m 

J'*Y2(if).Y«(if).df 

—00 

A.2.21. 

and,  by  symmetry, 

m 

f*Y  (if).y*(if).df 
-00  *  * 

A.2.22. 

A. 2. 4.  Parseval'a  Theorem. 


When  yi(t)  -  y2(t)  ■  y(t),  then  the  multiplication  theorem  beoomest 


r°°y(t)  2.dt 
-00 


JC°Y(if).Y*(if).df 

-00 

/?Y(i£)  1  2.df 
-00 


This  ia  known  aa  Paraeval's  theorem. 


A. 2. 23. 


A. 2. 5.  Time  Scaling . 

I£  time  ia  scaled,  such  that  y(t)  ia  replaced  by  y(kt),  k  greater  than  zero,  then 
equation  A. 2. 2.  may  be  written: 


Y'  (if) 


J  y (kt) .exp(-2*ift) .dt 
-00 


A.2.24. 


bet 


kt 


then  equation  A.2.24.  becomea 


Y'(if) 


f  y(t') .exp (-251ft' ) .dt 
-w  K  k 


A.2.2S. 


or,  Y* (if)  -  l.Y(if) 

k  k 


A.2.26. 


‘i-jyji  ....  . 


r  (L.-.  I*_ 
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A. 2. 6 .  The  Transform  of  Time  Derivatives. 

From  equation  A. 2.1., 


y(t) 

••  J“*Y  (if)  ,exp(2»ift)  .df 

-00 

so  that  dy (t) 

-  J 00  2?tif  .Y (if )  .exp (2nift)  .df 

-00 

A. 2. 27. 

It  follows  that. 

in  general  (provided  that  the  transform  exists) , 

dny  (t) 

<— >  <27rift)n.Y(if) 

A.2.28. 

dtn 


A. 2. 7.  The  Transform  of  Frequency  Derivatives. 

The  above  argument  can  be  used  to  derive  the  transform  of  frequency  derivatives, 
provided  that  the  result  exists,  to  yieldi 


dnY (if)  <-->  (-2«if)n.y(t)  A.2.29. 

dtn 


A. 2. 8.  Conjugate  Functions. 


If  y(t)  is  a  complex  function  of  time,  then,  from  equation  A. 2.1., 


y (t)  -  /°°X(if)  .oxp(2»iift)  .df 

-00 


/“"(Rif)  .cos2«ift  -  I (f)  .sin27iift)  .df 

-00 


+  i.  J°°(R(f)  .sin2nift  +  1(f)  .cos27iift)  .df 

-ao 


then  y*(t)  -  J  ,cos27iift  -  1(f)  .sin2ftift)  ,df 

-oo 


-  i.  f°°(R(f) .sin2nift  +  I(f).cos2*ift).df 

-Q0 


or,  y*(t)  ■■  Y*(-if)  A. 2. 30. 


It  follows  from  equation  A. 2. 30.  that  Y(if)  is  an  even  function  if  y(t)  is  real. 
Conversely,  Y(if)  is  an  odd  function  if  y(t)  is  imaginary. 
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•  J  °°  |  Y|±g>  j?axpC2«lfr).df 


A. 2. 41. 


■  |?axp<2rtifr).df  A. 2. 42. 

when  y (t)  is  a  stationary  process. 

The  expression 


lia.  Y(i t)  2  -  0.,(*>  A.2.43. 

T-.00  T  * 


is  precisely  the  definition  of  the  power  spectral  density  function.  The  limit  which 
has  been  inserted  in  equation  A.2.43.  can  be  justified  by  arguing  that,  although  the 
signal  y(t)  was  prasuned  to  be  contained  within  a  tine  of  2T,  no  bound  was  plaoed  upon 
the  value  of  T. 
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A. 3.  The  Discrete  Fourier  Transform  (pro) . 


K  a  signal  y(t)  is  sampled  at  discrete  points  in  tine,  aach  h  apart,  than  aquation 
A.2.1.  can  be  written i 


y(jh)  -  J®Y(if)  .exp(2*ijfh)  ,df 

-« 


A*  3 • 1 • 


The  exponential  function,  exp (2  ijfh) ,  is  periodic  in  the  frequency  domain,  having 
a  fundamental  period  F  -  1/h.  Equation  A. 3.1.  can  therefore  ba  written* 


*  <k+l)F 

y(jh)  -If  V(if) .exp(2;rijfh) ,df  A.3.2. 

It— »  kF 

-  r*  £  Y(if+ikF> .exp{2*ijfh) .df  A.3.3. 

;o  k— * 


The  affect  of  raplacing  a  signal  by  a  sampled  sequence  ie  therefore  equivalent  to 
replacing  the  Fourier  transform  byi 


00 

Y(if)  -  I  VUf+ikF)  A. 3.4. 

k— oo 


In  thu  special  case  whan  the  transform  is  zero  everywhere  except  in  the  region 
corresponding  to  k  -  0  (i.a.  no  aliasing),  then  aquation  A.3.3.  baccmesi 


y(jh) 


JF  V<if)  .expUttijfh)  .df 


A.3.5. 


When  the  transform  Y(if)  is  itself  a  sampled  sequence,  then  trapezoidal  integration 
can  be  used  to  write  equation  A.3.S.  as  follows! 


y(jh) 


1. 

m 


N-l 


I 

n*o 


Y(lnf,).exp(27tl3h) 


A.3.6. 


where,  f'  >  1 

tiN 


Similarly,  it  can  ba  demonstrated  that! 


N-l 

Y(inf')  -  h.  I  y(jh) ,exp(-22iin)  A.3.7. 

j-O  N 


If  equation  A.3.7.  is  modified  by  multiplying  the  right  hand  aide  by  f,  then  it 

becomes! 


N-l 

V'(inf')  -  1.  I  v(ih)  .exp(-2>rijn) 

N  j-O  N 


A.  3.8. 


and  hencei 


N-l 

2  Y*  (inf')  ,exp(2>rl3n) 
n-o  N 


y(jh) 


A. 3,9 
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Equations  A. 3. 8.  and  A. 3. 9.  ara  identical  to  tha  discrata  Fouriar  sarias  aquations 
A. 1.12.  and  A. 1.11.,  raspactivaly ,  and  ara  known  as  tha  OFT  pair.  Xt  is  tharafora 
claar  that  tha  OFT  is,  in  fact  a  Fouriar  sarias  estimator,  but  with  no  constraints 
placad  upon  tha  salaction  of  tha  fundaaantal  pariod  T. 


Tha  OFT  pair  hava  a  numbar  of  propartias  which  may  ba  found  to  ba  usaful.  Thasa 
hava  baan  axtractad  from  Reference  A. 2.  and  ara  listad  balow.  Xt  is  convanient  to 
adopt  a  shorthand  notation  for  thasa  in  which  aquations  A. 3. 8.  and  A.3.9.  ara  writtam 


X(n) 

.  i.  N£xy{j).w«ln 

N  j“0 

n  -  0(1)N-1 

A.3.10. 

and 

y(j) 

N-l  4n 

«  Y  .WM 

nto  N 

j  -  0(1)N-1 

A. 3. 11. 

whara 

WN 

-  axp(27ti) 

N 

A.3.12. 

Hence 

V(n) 

<■*> 

y(j) 

A.3.13 

It  is 

assumed  that  y(j)  is  par iodic  such  thati 

y(-j) 

- 

y<N-3) 

A.3.14 

A. 3.1. 

:  Tha 

suoanx 

asition 

Theorem. 

Let 

yx(j) 

<■■> 

Vl<n) 

and 

y2(i) 

<-•> 

V2(n) 

Than 

X  (n) 

* 

a.Yl(n) 

+  b.X2(n) 

A.3.15 

whara 

y(j) 

■ 

••y^j) 

+  b.Y2(j) 

A.3.16 
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It  con  also  b«  deduced  thatt 


and 


-  y(j)  ia  real  and  even  If,  and  only  If,  Y(n)  la  real  and  even 

-  y(j)  la  real  and  odd  If,  and  only  If,  Y(n)  la  Imaginary  and  odd 

-  y(j)  la  Imaginary  and  even  If,  and  only  If,  Y(n)  la  imaginary  and  even 

-  y(j)  la  Imaginary  and  odd  if,  and  only  if,  Y(n)  ia  real  and  odd. 


A. 3, 4.  The  Shift  Thaorema. 

From  Section  A. 2. 2., 

y(j-k)  <•*>  Y(n).w"nk  A.3.19. 

Converaely , 

y(j)  >  Y(n-m)  A.3.20. 


A. 3. 5.  The  Delta  Function. 

Let  d  repraaent  the  delta  function.  Then, 


d(j) 

<mm> 

1 

N 

and 

1 

<—> 

d(n) 

Integration. 

y(o) 

m 

N-l 

I  Y  (n) 
n-o 

and 

Y  (0) 

m 

N-l 

i.  Z  y(J) 

N  j«K) 

A, 3,7. 

The  Convolution  Theorem. 

If 

yi(j) 

<mm> 

Yl(n) 

and 

y2(j) 

<»"> 

V2(n) 

Then, 

N-l 

I.  Z  yl(k).y2<J-W  <— >  Y1(n).Y2(n> 


Similarly, 


N-l 

y1(j).y2<i)  <■*>  Z  Y^tm)  .Yj(n-m) 

Bt**0 


Hence, 

N-l  , 

i.  Z  ly(j) I2 

H  j-O 


"z1  t3T«n)  l2 

n»o 


A. 3 .21. 


A.3.22. 


A.3.23. 


A.3.24. 


A. 3. 25. 


A.3.26. 


A.3.27 
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A. 3. 8.  The  Doubling  Theorems. 

Two  doubling  theorem*  may  be  deduced.  These  are: 


a)  Let 

y^i) 

-  y(j) 

<-»o  Y^(n) 

and 

y2<3> 

-  y(N+j) 

<« >  Y2(n) 

j,n  -  0(1) N-l 


Then, 


Y(2n) 


1. 

2N-1 

Z  y(j). 

y— 2n  j 
,WN 

2N 

j-o 

1. 

N-l 

Z  Yi<3> 

w-nj  . 

,WN  + 

2N 

j-o 

1. 

'n 

(  ^(n)  + 

v2(n)  ) 

N-l 

i.  Z  y 

2N  j-o 


A.3.28. 


Thus  the  even  terms  of  a  OFT  are  the  average  of  the  terms  obtained  by  transforming 
separately  the  first  and  second  halves  of  the  time  sequence. 


Also, 


Y(2n+1)  -  1. 

2N  j-o 

N-l 


i*  Z  Yi  (j)  +  i*  Z  ^*^2N 

2N  j-O  1  N  2N  2N  j.0  2  N  2N 


Hence,  from  equation  A. 3. 20. 
Y(2n+1) 


l.(  Yx(n+y  +  Y2(n+|i)  ) 


A.  3.29. 


The  odd  terms  of  a  DFT  are,  therefore,  the  average  of  the  "half  interval"  terns 
theoretically  obtained  by  transforming  separately  the  first  and  second  halves  of 
the  time  sequence. 


Let 

yx(j) 

-  y(2j)  <-->  Yx(n) 

j ,n  -  0(1) N-l 

and 

y2<i) 

-  y(2j+l)  <-- >  Y2(n) 

j,n  -  0(1)N-1 

Then, 

2N-1 

y (n)  -  i*  Z  y(j)  ’^2n 

2N  j-o 
N-l 


nj 


i.  “l  y(2j).w‘Jnl  +  l.  *2X  y(2j+i).w2JnJ“n 


2N  j-O 


2N  j-o 


l.(  Yx(n)  +  Y2(n).W2£) 


A. 3. 30. 


Similarly, 


l.(  Y1(n)  -  Y2(n).W“n> 


Y(N+n) 


A. 3. 31 
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A  number  of  Interesting  facta  emerge  from  a  study  of  the  doubling  theorems! 


-  The  effect  of  doubling  the  length  of  a  data  sequence  by  adding  zeros 
to  the  end  of  the  sequence  is  seen,  by  setting  Y2(n)  -  o  in  equations 
A. 3. 28.  and  A. 3. 29.,  to  be  to  halve  the  frequency  Interval  between 
estimates  of  Y(n),  with  the  Y< 2n)  estimates  being  identical  to  feY^ln). 

-  The  effect  of  doubling  the  length  of  a  data  (sequence  by  adding  a  zero 
between  each  y(j)  is  seen,  by  setting  Y2(n)  ■  0  in  equations  A. 3. 30.  and 
A.3.31. ,  to  cause  estimates  of  Y(n)  to  be  halved,  and  to  be  repeated 
such  that  Y(n)  ■  Y (N+n) . 

-  If  N  is  a  power  of  two,  then  equations  A.3.30.  and  A.3.31.  can  be  used 
as  the  basis  for  computing  the  DPT  of  a  data  sequence,  starting  from 

a  unity  value  of  N.  It  turns  out  that  the  number  of  operations  required 
to  compute  a  DPT  is  dramatically  reduced  if  this  principle  is  employed. 
Algorithms  so  constructed  are  termed  "fast  Fourier  transforms",  see 
Appendix  B. 


A. 3.9. 

The  LPT  of 

Two  Real 

Data  Sequences. 

Let 

yx(j)  <«*> 

Y^n) 

and 

y2(j>  <—> 

Yj  (n) 

Write 

y(j>  - 

+ 

iy2(i) 

Then  the  superposition  theorem  states  that 


y(j)  <—>  y(n)  «  Yl(n)  +  iY2(n) 
But,  from  equation  A. 3. 18., 

Y* (H-n)  -  Y1(n)  -  iY2(n) 

Hence « 


Yx(n) 

"  1.  ( 
2 

Y  (n)  + 

Y*(N-n)  ) 

A.3.32. 

and 

v2<n) 

* 

Y(n)  - 

Y*{N-n)  ) 

Ae  3  e  33 • 

or. 

Y2(h> 

Y*(N-n) 

-  Y(n)  ) 

A«3«34e 

Equations  A. 3. 32.  and  A. 3. 34.  provide  the  means  for  computing  the  DPT  of  two  real 
data  sequences  from  a  single  entry  into  a  DPT  routine.  Similar  expressions  may  be 
evolved  for  imaginary  data  sequences. 


APPENDIX  B. 


The  Fast  Fourier  Transform. 


A  bewildering  variety  of  FFT  algorithms  have  been  devieed  in  order 
to  attain  a  maximum  of  efficiency  under  particular  circumstances, 
for  example  to  make  best  use  of  the  attributes  of  a  particular  type 
of  computer.  All  such  algorithms  employ  the  strategy  expounded  in 
Section  A. 3. 8.,  and  all  make  assumptions  regarding  the  length  of 
the  data  sequence  to  be  transformed.  It  is  generally  assumed  that 
the  length  of  the  sequence  is  equal  to  some  power  of  an  integer 
number.  There  is  evidence  to  suggest  that  the  most  efficient  alg¬ 
orithm  assumes  a  length  which  is  equal  to  a  power  of  eight. 

However,  the  majority  of  algorithms  are  based  upon  binary  or 
"power  of  two"  lengths,  i.e.  N  -  2p.  The  reasons  for  this  accord 
are  that  binary  algorithms  are  relatively  simple  to  understand  and 
encode,  the  resulting  algorithms  are  compact,  and  they  offer  the 
user  the  greatest  choice  of  N  for  a  given  size  of  computer  store. 


Two  binary  algorithms  are  developed  in  this  Appendix.  The  Cooley- 
Tukey  algorithm  deserves  attention  because  it  was  the  first  to  be 
published  in  modern  times  (Reference  B.I.),  whilst  the  second, 
known  as  the  Sande-Tukey  algorithm  (Reference  B.2.)  is  a  logical 
development  of  the  first  which  may  be  preferred  in  particular 
circumstances. 
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B.l.  The  coolevTukev  Algorithm. 

The  Cooley-Tukey  algorithm  is  based  specifically  upon  the  second  doubling  algorithm  of 


Section  A. 3. 8.  Re-stating  this  as  a  starting 


If 

Yid) 

-  y(2j)  <— > 

Vx(n) 

and 

y2d) 

-  y(2j+l)  <--> 

y2(n) 

then 

Y(n) 

-  1, (  Y.(n)  + 

2  1 

V2(n).w“’ 

and 

Y(N+n) 

2 

-  1. (  Y.(n)  - 

2  A 

*2(n).w": 

point,  but  with  2N  replaced  by  Nt 


j,n  * 

0(1) N/2-1 

B.1.1 

j,n  ■ 

0(1) N/2-1 

B.l. 2 

B.l. 3 

B.l. 4 

Before  the  transforms  Y^(n)  and  Y2(n)  can  be  calculated,  the  series  y(j)  must  be 
partitioned  into  two  series  yj.(j)  and  y2(j)  containing,  respectively,  the  even  and 
odd  terms  of  y(j)  as  defined  in  equations  B.1.1  and  B.l. 2. 


The  transforms  Yi( n)  and  Y2(n)  maY  he  calculated  separately  by  again  applying  equations 
B.l. 3.  and  B.l. 4.,  but  this  time  replacing  N  by  N/2.  Before  this  can  be  effected,  the 
two  series  yi(j)  and  y2(j)  must  be  further  partitioned  as  defined  in  equations  B.1.1. 
and  B. 1.2.  (with  N/2  replaced  by  N/4.) 


The  partitioning  can  be  continued  until  N  single  element  patitions  have  been  obtained. 

At  this  point  the  argument  is  reversed,  and  the  required  DFT  is  obtained  using  successive 
applications  of  equations  B.l. 3.  and  B.l. 4.,  it  being  noted  that  the  DFT  of  a  single 
clement  sequence  is  equal  to  the  value  of  the  element  (see,  for  example,  equation  A. 3. 27.) 
i.e. 


y(o)  -  x(0) 


N  -  1 


B.l. 5. 


The  partitioning  process  quite  clearly  alters  the  order  of  the  data  sequence  y(j). 
The  precise  nature  of  the  alteration  is  inoicated  in  figure  B.l.,  which  shows,  for 
a  16  element  sequence,  the  values  of  the  suffices  j  after  each  partition. 
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It  la  not  clear,  at  first  sight,  how  a  simple  algorithm  could  be  devised  to  arrive  at 
the  required  order  shown  In  figure  B.l.  However,  If  the  initial  and  final  orders  are 
written  in  a  binary  format,  as  shown  in  figure  B.2.,  it  becomes  clear  that  the  parti¬ 
tioned  sequence  contains  elements  stored  in  "bit  reversed"  order,  that  is  the  relative 
address  of  the  partitioned  sequence  can  be  determined  by  laterally  inverting  the  binary 
address  of  the  original  sequence.  Note  also  that  the  re-ordering  involves  sorting  only 
one  pair  of  elements  at  a  time;  it  can  therefore  be  effected  in  situ. 


Original  Order 

Partitioned  Order 

Decimal 

Binary 

Decimal 

Binary 

0 

0000 

0 

0000 

1 

0001 

a 

looo 

2 

0010 

4 

oloo 

3 

0011 

12 

1100 

4 

0100 

2 

OOIO 

5 

0101 

io 

1010 

6 

0?10 

6 

0110 

7 

0111 

14 

1110 

8 

1000 

1 

0001 

9 

1001 

9 

1001 

10 

1010 

5 

0101 

11 

1011 

13 

1101 

12 

1100 

3 

0011 

13 

1101 

11 

1011 

14 

1110 

7 

0111 

15 

1111 

15 

1111 

Figure  B.2. 

Comparison  of  Original  and  Partitioned 

Data  Sequence  Orders  (N  ■  16) . 

? 


M: 
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The  final  process  in  implementing  the  Coolay-Tukey  algorithm  involves  applying  equations 
B.1.3.  and  B.1.4.  successively,  as  illustrated  below: 


First  Step: 


YL(2n) 

■ 

0. 5  { 

y(2n) 

+ 

y(2n+l)  ) 

Y1(2n+1) 

■ 

0.5( 

y(2n) 

- 

y (2n+l)  ) 

n  -  0(1) N/2-1 

Second  Step: 

Y2(4n+k) 

- 

0. 5  ( 

Y1(4n+k) 

+ 

Y1(4n+k+2) .Wj*  ) 

Y2(4n+k+2) 

w 

0.5( 

Y1(4n+k) 

- 

Y1(4n+k+2) .W2k  ) 

k  -  0,1 
n  -  0(l)N/4-l 

Third  Step: 

Y3(8n+k) 

- 

0. 5  ( 

Y2(8n+k) 

+ 

Y2(8n+k+4)  .W^  ) 

«|r 

k  -  0(1)2 

Y3(Bn+k+4) 

* 

0 . 5  ( 

Y2(8n+k) 

— 

Y2(8n+k+4) ,W4k  ) 

n  -  0(1)  N/8-1 

Etc. 


Note  that  the  weights  can  be  obtained  from  the  sequence  W~-^ ,  j  -  0(1) N/2-1 
by  recognising  that  W“k  ■*  w|*kN/p . 

Note  also  that  the  first  three  steps  shown  above  is,  indeed,  all  that  is  required  for 
the  case  when  N  »  16. 


A  flow  diagram  for  the  partitioning  process  is  shown  in  figure  B.3.  and  that  for  the 
final  process  leading  to  the  DFT  is  shown  in  figure  B.4. 


B.2.  The  Sande-Tukev  Algorithm. 


The  Sande-Tukey  algorithm  may  be  developed  by  reversing  the  argument  used  for  developing 
the  Cooley-Tukey  algorithm.  Referring  once  again  to  Section  A. 3. 8.,  equations  A. 3. 31. 
and  A. 3. 32.  can  be  manipulated  to  obtain  the  alternative  expressions! 


Yj(n) 

-  Y  (n)  +  Y  (N+n) 

n  -  0(1) N/2-1 

B.2.1. 

Y2(n) 

-  (  Y(n)  -  Y (N+n)  ).w” 

n  -  0(1) N/2-1 

B.2.2. 

where. 

^(n) 

<— >  yx(j) 

y<2j) 

B.2.3. 

and 

Y2(n) 

<— >  y3(i) 

y (2j+i) 

B.2.4. 

Equations  B.2.1.  and  B.2.2.  are  applied  successively.  At  each  step  the  number  of 
partitions  is  doubled,  and  the  length  of  each  partition  is  halved,  until  N  -  1 . 

The  result,  noting  equation  B.I.5.,  is  the  I DFT  of  Y(n),  but  the  order  of  the  result 
is  "bit  reversed."  The  sequence  y(j)  may  therefore  be  obtained  by  applying  the 
algorithm  shown  in  figure  B.3.  as  the  final  stage. 


A  flow  diagram  for  the  Sandy-Tukey  algorithm  is  shown  in  figure  B.5 


y(j)i  j  *  0(1) 2N-2  (assuaad  to  consist  of  m  N-langth  conplax 

■aquanca . ) 

C(r)  -  oos  2nr,  e  -  0(1) N-l 
N  I 

S(c)  •  sin  2nr,  r  -  0(1)N-1 
N  i 

W  -  -1  for  DPT,  +1  for  IDFT. 
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B.3.  Comments. 


The  fant  Fourier  transforms  which  have  been  developed  In  this  Appendix  can  each  be 
used  for  effecting  both  the  OFT  and  the  Inverse  DM  (loFT) .  The  logic  of  this  state¬ 
ment  can  be  seen  by  examining  equations  A. 3. 6.  and  A. 3. 9.  Zt  can  be  seen  from  these 
that  the  OFT  and  the  XDFT  are  identical  except  for  a  scale  factor  (1/M)  and  a  minus 
sign  included  in  the  exponential  function  for  the  OFT.  In  practise*  it  is  ooanon  for 
the  scale  factor  to  be  omitted  altogether  from  FFT  routines,  leaving  the  user  to  make 
the  appropriate  adjustment.  When  this  is  the  case,  the  only  difference  between  the 
DFT  and  its  IDFT  is  tha  exponential  term.  The  flow  diagrams  shown  in  figures  B.4.  and 
B.5.  indicate  the  necessary  adjustment  required  for  each  type  of  transform  (and  omit 
the  scale  factor.) 


The  algorithm  to  be  preferred  for  a  particular  application  will  depend  upon  personal 
preferences  and,  perhaps,  upon  tha  facilities  afforded  by  the  computer  instruction 
set,  even  though  the  number  of  arithmetic  oper«ti*ha  required  by  tha  two  algorithms 
is  identical.  Certainly  the  Sande-Tukey  algorithm  han  proved  to  be  slightly  more 
efficient  on  one  16  bit  word- length  computer.  Zt  should  also  be  noted  that  when 
spectral  analysis  is  to  be  effected  in  a  "real  tims"*  environment,  then  the  bit  rever¬ 
sal  routine  can  be  entered  "off-line"  if  the  Sande-'fukey  algorithm  is  used. 


The  bit  reversal  algorithm  shown  in  figure  B.3.  can  be  implemented  as  stated  in  any 
high  level  language.  It  will,  however,  be  very  slow.  It  is  to  be  recommended  that 
the  bit  reversal  calculation  at  least  be, executed  in  machine  level  code,  taking  adv¬ 
antage  of  logical  instructions  which  are  available  at  that  level. 


The  efficiency  of  the  FFT  routines  described  in  this  Appendix  is  normally  quoted  in 
comparison  with  the  time  required  to  achieve  tha  name  result  by  implementing  equation 
A. 3. 8.  or  A. 3. 9.  directly.  The  exact  spaed  ratio  will  depend  upon  the  characteristics 
of  the  particular  computer  used,  but  will  be  of  the  order 


logeN  i  0.01  for  N  -  1024. 
N 


An  additional  benefit  afforded  by  FFT  routines  is  superior  acauracy  by  virtue  of  the 
fact  that  fewer  arithmetic  operations  are  involved,  leading  to  smaller  "rounding" 
errors. 


The  restriction  that  the  length  of  a  data  sequence  must  be  a  power  of  two  for  tha 
FFT  algorithms  described  may  be  overcome  by  adding  a  suitable  number  of  zeros  to  a 
sequence  of  arbitrary  length.  The  justification  for  this  procedure  can  be  implied  from 
the  results  of  Saation  A. 3. 8.  The  resulting  transform  must  be  weighted  to  account  for 
the  fact  that  data  was  present  for  only  a  proportion  of  the  original  sequence. 


APPENDIX  C 


Song  Procedures  which  mak a  use  of  the  DPT. 


This  Appendix  contains  procadurss  for  computing  estimates  of  PSD  and 
CSD  from  arrays  of  sampled  data,  and  estimates  of  auto  and  cross 
correlation  functions  from  estimates  of  PSD  and  CSD  using  the  DFT  as 
a  filtering  element. 


It  was  decided  to  present  the  procedures  in  a  formal  high  level  lang¬ 
uage.  The  author  recognised  that  Fortran  is  the  scientific  language i 
most  widely  used.  However  the  clarity  of  Fortran  code  leaves  some¬ 
thing  to  be  desired,  particularly  to  engineers  who  are  not  fully 
conversant  with  the  language.  It  was  therefore  decided  to  adopt  Algol 
€0  as  the  language  for  this  Appendix,  partly  because  it  is  relatively 
easy  to  understand,  and  partly  because  it  is  probably  the  most  popular 
scientific  language  apart  from  Fortran.  The  author  apologises  to 
adherents  of  other  languages  for  their  choice  but,  as  no  idiomatic 
tricks  have  bean  employed  in  the  procedures,  they  anticipate  that  such 
enthusiasts  will  experience  little  difficulty  in  effecting  a  suitable 
translation. 


The  procedures  have  been  designed  to  present  the  various  steps  in  a 
logical  manner  and  with  a  degree  of  clarity.  It  is  worth  noting, 
therefore,  that  the  procedures  would  translate  into  grossly  ineffi¬ 
cient  code  if  they  were  to  be  compiled  exactly  as  they  have  been 
presented  here. 


13? 


C.1-,  A  Procedure  to  Compute  thg>  PSD  of  m  Sinai*  Data  Sequence. 

Procedure  PSDA(y ,N,M,H,h)  Results (Y);  comment  Not*  that  semicolons  are  used  to 
^  terminate  ovary  statement; 

valua  v.M.M.H.hi  integer  N.H.H;  raal  hi  array  y 10i2»N«M-l) .YlOiN-ll i 

bag in  comment  Thia  procadura  computes  tha  N- length  PSD  aatinata  of  tha  2 NM- length  data 
aaquanca  y.  Tha  raault  ia  presented  in  Y,  H  ia  a  hanning  marker,  and  ia 
aet  aero  if  hanning  ia  not  required,  a  4N-length  workspace  array  (yw)  ia 
used.  Tha  sampling  interval  is  assumed  to  be  h  seconds,  and  N  is  assumed 
to  be  a  power  of  two; 

integer  j,m;  comment  Declare  counters  used  in  the  procedure; 
real  pi;  pit-3.14159265359;  comment  Declare  and  sat  pi; 
array  yw(0i4*N-ll;  comment  Declare  the  workspace  array; 

Stop  It  comment  Clear  the  result  array  (it  is  used  as  an  accumulator) ; 
for  j«-0  step  1  until  N-l  do  Ylj]  t-  0; 

for  mi«0  step  1  until  M-l  do 

bavin  comment  Start  of  the  block  loop; 

Step  2 i  comment  Copy  the  next  2N  data  samples  into  tha  odd  elements  of  the  workspace 

array.  Clear  the  even  elements; 

for  ji**o  step  1  until  2*N-1  do  begin 

yw  12*j]  i-  y[j+m*Nl; 
ywl2*j+ll  »-  0; 

end; 

comment  Halve  tha  first  and  last  elements; 

ywlo ]  i-  0.5*yw[01;  yw(4*N-2l  t«  0.5*ywl4*N-2l ; 

Step  3;  comment  Weight  the  data  if  hanning  is  required; 
if  H  ■  0  then  goto  Step  4; 

for  jt-0  step  1  until  2*N-1  do  ywl2*j)  i -  0. 5*yw(2*j) * (1-cos (pi* J/N) ) ; 

Step  4i  comment  Compute  the  DPT  of  yw(j),  j  -  0(1)4N-1  with  W  -  -1  using  the  Sande- 

Tukey  algorithm,  figure  H.5.,  followed  by  the  sorting  algorithm, 
figure  B.3.; 

PPT  (yw,2*N,-l); 

Step  Si  comment  Form  the  square  of  the  moduli  of  the  complex  result  and  sum  into 

the  accumulator  array; 

for  ji-0  step  1  until  N-l  do 

Yljl  i-  Ylj)  +  yw[2*jl*ywl2*jl  +  yw(2*j+U *ywl2*j+l) ; 

end;  of  tha  block  loop.  Steps  2,3,4  and  5  are  executed  M  times. 
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Step  6>  comment  Corract  tha  raaolta  if  harming  was  used; 

H  ■  0  than  goto  Stap  7 ; 

for  j»-0  a tap  1  until  H-l  do  VI j  1  »■  Y|j)*8/3; 

Stap  7»  comment  Compute  tha  Energy,  or  naan  aquara  amplitude,  spectrum; 

for  ji-0  step  1  until  N-l  do  Y(J  )  »-  2*Y| j]/( (2*N-1)*(2*N-1) *M) } 

Stap  8i  comnant  Conputa  tha  PSD  aatinata  by  dividing  by  tha  analyaia  bandwidth} 
for  jt-0  a tap  1  until  N-l  do  Y(j)  i-  Ylj]*2*N*h; 


end  of  tha  procedure} 


Notea i  Only  half  of  tha  DFT  array  waa  uaed  in  atep  5.  Thia  waa  bacauae  tha  original  data 
waa  real  (atep  2)  and  the  conjugate  functiona  theorem  (Section  A. 3. 3)  ahowa  that 
the  upper  half  of  the  OFT  array  containa  the  conjugate  of  tha  lower  half  (in 
raveraa  order.) 


2 

The  factor  (2N-1)  waa  included  in  atep  7  becauae  the  FFT  algorithm  did  not 
perform  the  naceaaary  acaling  (sea  Section  B.3.)  Tha  factor  2N-1,  rather  than 
2N,  waa  uaad  bacauae  tha  firat  and  laat  element a  of  the  data  array  ware  halved. 


If  the  Sande-Tukey  FFT  algorithm  ia  uaad  to  conputa  the  DFT,  than  it  ic  poaaible 
to  affect  the  "bit  reversal “  sorting  once  only,  outaide  the  main  loop.  If  thia 
approach  ia  adopted,  then  the  addresses  uaad  in  stap  5  must  be  modified  to  suit. 


The  algorithm  described  above  ia  simple  to  implement,  but  ia  expensive  in  terms 
of  storage  used  for  the  FFT  (4N  locations.)  This  may  be  reduced  to  2N  locations 
by  replacing  steps  2  to  5  inclusive  by  the  following! 


Stap  2a i  comment  Copy  tha  next  2N  data  samples  into  consecutive  locations  of  tha 

workspace  array; 

for  ji-0  atep  1  until  2*N-1  do  yw|j]  «»  y[j4«*N); 
comment  Halva  tha  firat  and  last  a laments; 

yw(0)  «■  0.5*ywl0]j  yw[2*N-l)  i-  0.5*ywl 2#N-1); 

Step  3ai  comment  Weight  the  data  if  hanning  is  required; 
if  H  -  O  then  goto  Step  4a; 

for  j i-O  step  1  until  2*N-1  do  ywlj  1  »■  0,5*ywl j )*(l-cos (pi*j/N) ) ; 

Ship  4ut  comment  Compute  the  DFT  of  yw(j) ,  j  ■  0(1)2N-1  with  W  ■  -1  using  the  Sande- 

Tukey  algorithm,  followed  by  the  sorting  algorithm.  Note  that  the 
length  of  tha  DFT  is  now  one  half  tha  length  previously  uaad  in 
step  4; 


FFT  (yw,N,-l); 
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Step  Sat  commant  Use  aquations  A, 3. 32.  and  A. 3. 34.  to  separate  the  transforms  of  tha 

two  sequences  yw(2j)  and  yw(2j+l) .  Then  use  equation  A. 3. 30.  to 
compute  the  final  transform.  The  two  processes  may  be  combined, 
but  they  cannot  be  performed  In  situ.  Mote  also  that  the  first 
element  must  be  treated  as  a  special  case; 

for  j  t*l  step  1  until  N-l  do 


«-  sin(pbj/N) ;  C  t«  cos(pi*j/N); 

1-  0.5*(ywl2*j}+yw|2*N-2*jl  -S* (ywI2*j J-yw (2*N-2*j } ) 

+C*(ywl2*N-2*j+l]4ywl2*j+l)) ) ; 


»«  0.5*(ywt2*j+ll+ywl2*N-2*j+ll-S*(ywl2*j+ll+ywl2*N“2*j+ll) 

“C*(ywt2* jl-yw(2*N-2*j ] ) ) ; 


begin 


S 

T1 


T2 


Y[ j)  «-  Y 13 1  +  T1*T1  +  T2*T2» 

sM; 

comment  Mow  for  the  first  element; 
Y[0]  «■  Y [ 0  )  +  yw|0]*yw[0); 


The  real  declaration  at  tha  beginning  of  the  procedure  must  now  Include  the  additional 
workspace  locations  S,C,Tl,T2.  Further,  the  workspace  array  yw  may  be  declared  with 
2M  elements,  rather  than  the  original  4N. 


Under  normal  circumstances,  the  exponential  functions  used  In  banning  the  data,  computing 
the  FFT,  and  those  used  in  step  Sa  would  all  be  extracted  from  previously  computed  arrays 
In  order  to  reduce  the  execution  time. 
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C.2.  A  Procedure  to  Compute  the  PSD  and  CSD  of  Two  Data  Sequences. 


Procedure  PSDb(yl,y2,N,M,H,h)  Result! (Y1,Y2,Y3,Y4) j 


value  yl,y2,N,M,u,h;  integer  N,M,Hj  real  h;  array  yl[0»2*H*M-U ,  y2lO»2*N*H-l); 
array  YllOiN-ll,  Y2[0)N-ll,  Y3[0iN-l],  Y4lO*N-l]; 


begin  comment  Thin  procedure  computes  the  N- length  PSD  estimate a  of  the  2NK- length  data 
sequences  yl  and  y2.  The  results  are  presented  in  Y1  and  Y2,  respectively. 
The  procedure  also  computes  the  CSD  of  the  two  sequences,  assuming  yl 
contains  the  notional  input.  The  real  and  imaginary  parts  of  the  CSD  are 
presented  in  Y3  and  Y4,  respectively.  H  is  a  hanning  marker,  and  is  act 
sero  if  hanning  is  not  required.  A  4N- length  workspace  array  (yw)  is 
used.  The  sampling  interval  is  assumed  to  be  h  seconds,  and  N  is  assumed 
to  be  a  power  of  two; 


integer  j,ms  comment  Declare  counters  used  in  the  procedure} 

real  Tl,T2,T3,T4,pi)  pii»3. 14159265359;  comment  Declare  variables  and  set  pi) 

array  yw[Os4*N-lli  comment  Declare  the  workspace  area) 


Step  It  comment  Clear  the  result  arrays  (they  are  used  as  accumulators) 1 
for  ji-0  step  1  until  N-l  do 
begin 

Yl[j  1  !•  0}  Y2(j]l-0»  Y3[j]t-0)  Y4[ j  ]  »■  0| 

end; 


for  mi»o  step  1  until  M-l  do 

begin  comment  Start  of  the  block  loop) 


Step  2 1  comment  Copy  the  next  2N  data  samples  from  yl  into  the  odd  elements  of  the 

workspace  array,  and  the  next  2N  data  samples  from  y2  into  the  even 
elements  of  the  workspace  array; 


yw[2*j  ]  «■  yl[j+m*N);  yw[2*j+l]  »■  y2[j+m*H); 


for  j i-O  step  1  until  2*N-1  do 
begin 
end: 

cowmen t  Halve  the  first  and  last  elements) 

yw{0]  «■  0.5*yw[0j)  yw[4*N  -2  1  «»  0.5*yw[4*N-2l; 
yw(l)  «■  0.5*yw[l);  yw[4*N-l]  »■  0.5*yw  [4*11-1 ); 


Step  3)  comment  Weight  the  data  if  hanning  is  required; 
if  H  ■  O  then  goto  Step  4; 
for  j  »-Q  step  1  until  2*N-1  do 
begin 


and: 


yw[2*j  ]  ««•  0.5*yw[2*j]*(l-coa(pi*j/N)); 
yw[2*j+l]  «■  0.5*yw[2*j+ll*(l-cos(pi*j/N) ) ; 


Step  4: 


comment  Compute  the  DPT  of  yw(j)  ,  j  -  0(1)411-1  with  W  ■  -1  using  the 
Sande-Tukey  algorithm,  figure  B.5.,  followd  by  the  sorting 
•  algorithm,  figure  B.3.; 

FIT  (yv»2*N,-l) j 


Step  5< 


Step  6t 


comment  Separate  the  two  transforms  and  accumulate  the  square  of  the  moduli 
in  VI  and  Y2,  and  the  product  of  the  second  and  the  conjugate  of 
the  first  in  Y3  (real)  and  Y4  (imaginary) ; 

for  ji»l  step  1  until  N-l  do 

begin 

T1  t-  0.5*(yw[2*j  ]  +  yw[2*N-2*j]) ; 

T2  i-  0,5*(yw[2*j+l]  -  yw[2*N-2*j+l])i 
T3  J-  0.5*{yw[2*j+l]  +  ywj2*N-2*j+l] ) ; 

T4  »-  0,5*(yw[2*N+2*j ]  -  yw[2*j))i 
Yl(j  ]  i-  Yl[ j  ]  +  Tl*Tl  +  T2*T2; 

Y2[j]  i -  Y2[ j  ]  +  T3*T3  +  T4*T4; 

Y3[j]  »-  Y3j  j  ]  +  T1*T3  +  T2*T4; 

Y4[ j  ]  s-  Y4[j]  +  T1*T4  -  T2*T3; 

end; 

comment  Compute  the  first  elemental 

Yl[o]  »■  Y 1  [ 0 ]  +  yw[0]*yw(o]i  Y2[o]  t-  Y2[o]  +  yw(U*yw[l]| 

Y3 [o ]  t *  Y3[0]  +  yw[0]*yw( l]| 

and;  of  the  bloak  loop.  Steps  2,3,4  and  S  are  executed  M  times; 
comment  Correct  the  results  if  hanning  was  used; 


if  H  m  o  then  goto  Step  7; 
for  ji*0  step  1  until  N-l  do 


begin 


Yl[ j  )  i-  Yl[ j ] *8/3;  Y2[ j  )  J-  Y2[j]*8/3, 

V3( j  ]  *-  Y3[ j 1 *8/3;  Y4[j]  Y4[j]*8/3» 


Step  7 i  comment  Compute  the  Energy  spectra  and  cross  spectrum; 
for  j i«0  step  1  until  N-l  do 


begin 


*1[ j]  «-  2*Yl[j]/((2*N-l)*(2*N-l)*M); 
Y2[ j  ]  ««  2*Y2[ j ]/( (2*N-1) * (2*N-1) *M) ; 
Y3[ j  j  «-  2*Y3[j]/( (2*N-1) • (2*N-1) *M) ; 
Y4[ j]  «-  2*Y4lj]/((2*N-l)*(2*N-l)‘M); 


Step  8i 


comment  Compute  the  PSD  and  CSD  estimates  by  dividing  by  the  analysis 
”  "  bandwidth; 

for  j*«0  step  1  until  N-l  do 

begin 

Yl( j ]  i*  Ylj j] *2*N*h;  Y2(j)  »»  Y2[j]*2*N*h; 

Y3 1 j ]  I-  Y3(j]*2*N*h;  Y4[ j ]  t-  Y4[j]*2*N*h; 

2Qd; 

of  the  procedure; 
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C.3.  A  Procedure  to  Compute  the  Auto-correlation  Function  from  a  PSD  Estimate. 


Procedure  AUTO(y,N,df) ; 


Integer  N;  real  df;  array  y[0*N-l]; 


This  procedure  computes  the  N- length  auto-correlation  function  from  an 
N-length  PSD  estimate.  The  result  is  returned  in  y.  The  interval  between 
each  result  element  is  0.5/(N.df)  seconds.  N  is  assumed  to  be  a  power  of 
two.  A  2N-length  workspace  array  (yw)  is  used) 


integer  j;  comment  Declare  the  counter  used  in  the  procedure; 

real  C,S,pi;  pii=3. 14159265359;  comment  Declare  variables  and  set  pi; 

array  yw[0;2*N-l];  comment  Declare  the  workspace  array; 


value  y,N,df; 
begin  comment 


Step  It  comment  Clear  the  workspace  array; 

for  jt-0  step  1  until  2*N-1  do  yw [ j  ]  s«0; 


Step  2: 


Step  3; 


Step  4t 


comment  Copy  the  PSD  from  y  (filling  half  the  workspace) ; 

for  js«0  stop  1  until  N-l  do  vw[  ~i  1  >■  y[ j  ] ; 
comment  Halve  the  first  and  last  elements; 
yw[o  ]  i-  Q.5*yw(o] ;  yw[N-l)  *»  0.5*yw[N-l]; 

comment  Compute  the  IDFT  of  yw.  Note  that  the  length  of  the  transform  has 
been  halved  by  packing  the  PSD  into  both  the  real  and  imaginary 
elements  of  yw.  The  result  will  have  to  be  corrected; 

FFT  <yw,N, 1) ; 


comment  Correct  the  result.  Only  the  real  part  of  the  result  need  be 
calculated  since  the  auto-correlation  function  is  real.  The 
corrected  result  is  placed  directly  in  the  result  array,  y; 


for  j;-l  step  1  until  N-l  do 
begin 

C  :■  cos(pi*j/N);  S  i«  sin(pi*j/N) ; 

y( j  j  ««  0.5*df*(ywl2*j  )  +  yw[4*N-2*jl  +  S*(yw[2*jl  -  yw[4N-2jl) 
+  C*(yw[2*j+ll  +  yw [4*N-2*j+ll ) ) 

end  • 

comment  Compute  the  first  point  separately; 


y [01  i»  df*yw(0) ; 


end 


of  the  procedure; 
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y2lo  1  ywlOl t 


APPENDIX  D 


Probability  Measures. 


Random  processes  yield  data  whose  values  cannot  be  predicted  with 
any  certainty.  The  best  that  can  be  hoped  for  is  a  description  , 
which  permits  an  estimate  of  the  probability  that  a  nominated  event 
will  occur  using,  as  the  basis  for  the  estimate,  averages  obtained 
from  data  produced  by  the  process  at  some  time  in  the  past.  The 
concept  of  probability  is  therefore  of  primary  importance  in  the 
study  of  random  processes  and  the  techniques  used  for  describing 
data  produced  by  such  processes. 


An  introduction  to  those  probability  measures  which  are  most 
frequently  encountered  when  analysing  random  data  is  contained  in 
this  Appendix. 


D.l.  Fundamentals. 


I 

A  collection  of  observations  taken  at  various  tines  of  the  instantaneous  value  of  a 
function  of  time  y(t)  is  called  a  sample.  An  infinitely  large  number  of  such 
observations  is  termed  a  population. 


If  the  number  of  possible  values  which  can  be  adopted  by  the  function  is  finite  within 
a  finite  range  of  values,  then  the  probability  that  any  observation  will  adopt  a 
particular  value  is  equal  to  the  limiting  value  of  the  ratio  of  the  number  of 
observations  occuring  at  that  value  to  the  total  number  of  observations,  as  the  number 
of  observations  extends  to  the  whole  population.  Specifically, 


P(yQ)  -  lim.  N(y  )  D.1.1 

N-oo  — ~ 


Probability  is  therefore  a  number  to  be  associated  with  a  chosen  value  of  y  (t) .  It 
will  have  a  value  between  zero  and  unity.  Note  also  that,  since  every  observation  will 
have  some  value, 

I  P(yJ  -  1  D.l. 2. 

V00 


When  the  function  of  time  is  continuous,  then  the  number  of  possible  values  which  the 
function  can  adopt  is  infinite  even  when  the  range  of  possible  values  is  finite.  The 
probability  of  the  function  adopting  a  particular  value  is  therefore  zero,  presuming 
that  the  function  doea  vary  with  time. 


This  difficulty  can  be  circumvented  by  defining  a  different  probability  measure.  The 
probability  that  a  function  y (t)  takes  a  value  which  is  less  than,  or  equal  to,  a 
nominated  value  y  ,  say,  is  called  the  distribution  function  or  cumulative  function 
of  y  .  Thus* 


0(yo)  ■  Probability  (»«<y<y0) 


D.l. 3. 


The  probability  that. the 


function  adopts  a  value  between  yQ  and  y^,  say,  is  given  byi 


D(yx)  -  D(y0)  •  Probability  (yQ<y<y1) 


D.l. 4. 


The  functions  defined  by  equations  D.l, 3.  and  D.l. 4.  are  capable  of  describing  both 
discrete  and  continuous  functions.  Provided  that  y(t)  is  everywhere  finite,  then  they 
are  continuous  functions  of,  respectively,  yQ  and  yj.  and  yQ.  When  y(t)  is  a  continuous 
function,  then  the  derivatives  of  the  probability  functions  are  also  continuous. 


Equation  D.l. 4.  defines  a  function  of  y_  and  (y1-yQ)  -  y.  Dependence  upon  the  latter 
can  be  removed  by  postulating  the  function* 


P(y)  -  lim.  D(y  +  b y)  -  D(y) 
^y~»o  2y 


D.l. 5. 


D.l. 6. 


p(y)  is  known  as  the  probability  density  function.  It  is  arguably  the  most  useful 
probability  measure  for  a  single  function. 


The  probability  measures  introduced  above  have  a  number  of  properties.  The  more  useful 
of  these  are  listed  below i 


o(yQ) 


jy°  p(y) «dy 


<  0(yQ)  <  1. 


D.l. 7. 


0 


D.l. 8 
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0  < 

p(y)  <  i 

0.1.9. 

J*p(yj.dy  -  1 

-CO 

D.1.10. 

In  general 

/  the  expected  value  of  a  function  of  yf  f(y)»  is  given  byt 

i 

E  l  f (y)  ] 

-  f®  f(y).p(y).dy 

-<0 

0.1.11. 

i  _  1 

fU 

The  moments  of  v(t)  characterize  the  shape  of  a  probability  density  function.  The  n 
moment  is  defined  ast 

Mn 

-  J®  yn.p(y) .dy 

-co 

D.1.12. 

It  con  be 

deduced  thatt 

Mo 

■  1,  from  equation  D.1.10. 

0.1.13. 

/ 

M1 

-  y,  the  mean  value  of  y(t) 

0.1.14. 

M2 

2 

■  fy,  the  mean  square  value  of  y(t) 

D.1.15. 

M3 

is  a  measure  of  asymmetry,  or  "skewness" 

0.1. 16 « 

m4 

is  a  measure  of  "kurtosla" 

D.1.17. 

Formally,  if  Mi  -  0,  then  M§, 
a  measure  of  the  "peakineas" 
the  mean  value  is  subtracted 
moments.  In  general t 

3 

/Mj  is  a  non-dimensional  measure  of  skewness,  end  ky 
or  a  probability  density  funation,  is  given  by  M4/MJ 
from  y(t),  then  the  resulting  moments  ere  known  as 

irtosis, 

[.  If 

central 

C«n 

-  f ®  (y  -  y)n.p(y) .dy 

-CO 

0  » 1. 18. 

It  follows 

that,  for  example 

1 

CMa 

■  1,  as  before 

D.1.19. 

CM1 

-  0 

D.1.20. 

CMj 

2 

■  0^,  the  variance  of  v(t) 

D.1.21. 

The  momenta  of  y(t)  can  be  related  to  the  conjugate  of  the  Fourier  transform  of  the 
probability  density  function ,  as  follows t 

Uet  P*(r)  ■  f®  p{y) .exp(iry) .dy  0.1.22. 

-co 

■  f®  P(y).(l  +  iry  +  ...+  (lrv>n  +  ...  ).dy  0.1.23. 

-®  nT 

This  is  called  the  characteristic  function.  It  may  be  written i 

P*(r)  *  f®p(y).dy  +  ir.  f®y.p(y)  .dy  +  .. .  (ir)?  f®yn.p(y)  .dy  ...  D.1.24. 

-co  -co  nj  -co 
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or,  P*(r)  -  M0  +  ir.Mj  +  ...  +  (ir)11.^  +  ...  D.1.25. 

n* 

Conversely, 

P(y)  -  1.  f®P*(r)  .exp(-iry)  udr  D.1.26. 

2*  -to 

D.2.  The  Probability  Density  of  a  Function. 

If  a  function  x(t)  which  varies  with  time  is  transformed  to  obtain  a  new  function! 

y(t)  «  f(x)  D.2.1. 

and  f (x)  is  single  valued,  then  the  probability  density  of  y(t)  is  given  byi 

P„(y)  «  dx  .  p  (x)  D.2.2. 

y  dy  * 

When  y(t)  corresponds  to  n  values  of  x(t),  i.e.  x(t)  is  multi-valued,  then  the 
probability  density  function  of  y(t)  becomes! 

Pv(y)  ■  n  .  dx  .  p  <x)  D.2.3. 

dy 

As  an  illustration  of  the  above  results,  consider  the  function! 

y  «  A. sin  (x) 

If  the  probability  density  function  of  x(t)  is  uniform,  that  is, 

PVU)  ■  0  <  x  <  2n 

2* 

■  0,  0>x  or  x>2* 

then,  because  x  -  arcsin(y/A)  is  a  double  valued  function  (so  that  n  *  2) ,  the 
probability  density  of  y(t)  is  given  byi 

Pv(y)  -  1.2.  (A2  -  y2)-*  ,  -A<y<A 

y  2* 

■  0,  -A>y  or  y>A 

The  above  expression  represents  the  probability  density  function  of  a  sine  wave. 

It  can  be  shown  that,  in  general, 

-  A  linear  transformation  of  a  Gaussian  process  is  itself  a  Gaussian  process. 

-  A  non-linear  transformation  of  a  Gaussian  process  yields  a  non-Gaussian 
process. 


A  linear  transformation  of  a  non-Gaussian  process  yields  a  process 
having  a  different  probability  density  function  from  the  original. 
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D.3.  Joint  Probability  Functions. 


The  ids&s  presented  in  Section  D.l.  were  concerned  with  describing  the  characteristics 
of  a  single  variable.  This  Section  is  concerned  with  the  extension  of  those  principles 
to  the  situation  where  the  joint  characteristics  of  two  variables  are  of  interest. 


Suppose  that  two  functions  of  time,  x(t)  and  y(t) ,  exist.  The  functions  may/  or  may 
not/  be  independent  of  one  another.  The  probability  distribution  of  each  function 
considered  separately  is  defined  by  equation  D.l. 3.  A  third  probability  distribution 
may  also  be  defined/  as  follows* 


D(x0,y0>  *  Probability  (-<6  <  y<  yQ  and  -®<  x  <xQ)  D.3.1. 


is  known  as  the  ioint  probability  distribution  function. 

In  a  similar  way/ 

p(x.v)  •  lim.  D (x  +  dx.v  +  dy)  -  D(x.v) 
dx-*o  dx.dy 

D.3.2 

dy-»o 

■  ^ 

D.3.3 

is  known 

as  the  ioint  probability  density  function. 

The  joint  probability  density  function  has  the  properties* 

/“pU/yJ.dx  -  p(y) 

-CO 

D.3.4 

I-10  P(x,y)  .dy  -  p(x> 

-co 

D.3.5 

/"(■“ptx/y)  .dx.dy  -  1 

-co  -co 

0.3.6 

In  general/  the  expected  value  of  a  function  of  x  and  y,  f(x,y),  is  given  by* 

E[f(x,y)l  -  J“®  f <xfy)  .p(x,y)  .dx.dy  D.3.7. 


A  definition  of  the  cross-correlation  function  may  be  deduced  from  equation  D.3.7./ 
as  follows* 

R,.u(r)  «  u[x(t)  ,y  (t+t)  ]  -  f®  f®  x(t)  .y(t+r)  .p(x(t)  ,y(t+r)  .dx.dy 

' -co' -co  D.3.8. 


The  concept  of  joint  probability  can  be  extended  to  situations  where  the  joint 
properties  of  many  variables  are  of  interest. 


D.4.  Conditional  Probability  Functions. 

The  two-variable  situation  considered  in  Section  D.3.  may  be  taken  a  step  further  by 
defining  a  subset  of  the  joint  probability  distribution  as* 

I'(J‘olyo'yl)  "  Probability  (-« <  x<  xQ  aiven  yQ<  y<  yj)  D.4.1. 

Probability  (yQ<y<yl) 


The  normalising  factor  has  been  introduced  in  order  to  ensure  that  the  function  has 
the  property t 


J®  F(x|y  ,y,).dx  -  1 

«co 


0.4.2. 


The  conditional  probability  function  is  derived  from  equation  D.4.1.  by  letting  the 
y  interval  tend  to  zero.  That  ist 


D(x|y)  -  iim.  F(x  I  y,y+Ay) 
Ay-*o  D (y+Ay) -D (y) 


0.4.3. 


Equation  D.4.3.  defines  the  conditional  probability  distribution.  It  follows,  by 
comparison  with  the  results  of  Section  D.I.,  that! 


p(x|y)  ■  dD(xly) 


■  Ptx.y) 
p(y) 


D.4.4. 


defines  the  conditional  probability  density  function. 


Note  that  if  x  is  independent  of  y,  them 


p(xly) 


D.4.5. 


and  so 


P(x,y) 


P(x)  .p(y) 


0.4.6. 


Equation  D.4.6.  can  be  used  to  demonstrate  the  independence,  or  otherwise,  of  two 
functions  x  and  y. 


Statlonarlty  and  Ergodicltv 


The  proceeding  Sections  of  this  Appendix  contain  definitions  of  a  variety  of  probability 
measures,  each  measure,  at  least  potentially,  providing  a  description  of  one  aspect  of  a 
random  process.  An  estimate  of  each  measure  can  always  be  obtained  provided  that  an 
ensemble  of  sample  time  histories  produced  by  the  process  are  available  for  analysis. 
Whether,  or  not,  such  estimates  are  meaningful  (i.e.  contribute  to  an  understanding  of 
the  process)  depends  upon  the  nature  of  the  process  and  upon  the  behavior  of  the  sample 
time  histories  yielded  by  the  process. 

Two  important  classes  of  random  process  can  be  identified  for  which  probability  measures 
yield  meaningful  information  about  the  process.  These  arei 


D.5.1. 


Stationary  Processes. 


A  stationary  random  process  is  one  in  which  the  expected  values  of  ensemble  moments  and 
joint  moments  do  not  vary  with  time.  Specifically,  a  weakly  stationary  process  is 
defined  as  one  in  which  the  mean  value  and  the  auto- cor relation  function,  as  defined  by 
equations  D.1.14.  and  D.3.8.  respectively,  are  tliS  invariant.  A  strictly  stationary 
process  is  defined  as  one  in  which  all  moments  and  joint  moments  are  time  invariant. 


D.5.2. 


Ergodic  Processes. 


An  ergodic  random  process  is  a  stationary  process  in  which  the  expected  values  of 
ensemble  moments  and  joint  moments  are  equal  to  the  expected  values  of  the  corresponding 
sample  averages.  The  class  is  again  sub-divided  into  weakly  ergodic  processes  in  which 
the  sample  mean  value  and  auto- correlation  function  are  representative  of  the  ensemble, 
and  strictly  ergodic  processes  in  which  all  sample  averages  are  representative  of  the 
ensemble. 


D.6, 


The  Normal  Distribution 


It  can  ba  shown  that#  if  a  process  is  the  result  of  many  independent  random  causes#  none 
of  which  contribute  significantly  to  the  overall  process,  then  the  probability  density 
function  of  data  output  by  the  process  is  Normal#  or  Gaussian.  The  probability  density 
function  of  a  Normal  distribution  is  given  byt 

p(y)  -  _1 _ ,exp(-(v  -  y) 2)  0.6.1. 

The  above  statement  is  known  as  the  Central  Limit  Theorem.  It  is  employed  to  good 
effect  in,  for  example#  random  noise  generators  which  use  a 'Geiger  counter  and  a  radio¬ 
active  source. 


It  is  worth  noting  that  a  Normal  process  which  is  demonstrably  weakly  stationary  (ergodlc) 
is  also  strictly  stationary  (ergodic)  because  the  probability  density  function  is 
completely  defined  by  the  ensemble  mean  value  and  variance. 


The  response  of  a  linear  system  to  an  arbitrary  input  is  given  byt 

y,(t)  -  h(t  -*) ,y,(s) .ds  D.6. 2. 

*  aaCQ 


where  h(t)  is  the  impulse  response  function  <IRF)  of  the  system.  When  the  IRF  extends 
over  a  significant  time  (i.e.  is  long  compared  with  the  characteristic  wavelength  of  the 
input),  then  equation  D.6. 2.  can  be  considered  to  state  that  the  output  of  the  linear 
system  comprises  the  weighted  sum  of  a  number  of  independent  processes.  It  is  therefore 
to  be  expected  that,  when  the  input  is  random,  the  output  of  a  linear  system  satisfying 
this  condition  will  have  a  probability  density  which  is  more  nearly  Normal  than  that  of 
the  input. 


The  properties  of  random  processes  noted  above  mean  that  stationary  data  collected  from 
such  processes  very  often  exhibit  a  Normal  probability  density  distribution.  This,  in 
turn,  accounts  for  the  importance  attached  to  the  Normal  distribution. 


The  probability  that  a  function  y(t)  having  a  Normal  distribution  exceeds  a  nominated 


value,  yQ,  is  given  by« 

P(y  >ye) 

-  J80  p(y)*6y 

D.6. 3. 

*o 

i  . 

v'S^y  yG 

exp (  -y2) ,dy 

D.6. 4. 

assuming  that  the  function  has  a  zero  mean  value.  It  is  convenient  to  change  the 
variable  in  equation  D.6. 4.  tot 


x  “  ay.  y  D.6. 5. 


With  this  substitution,  equation  0.6.4.  becomes! 


P(x  >  x_)  ■  Aa,  J*  -x2).dx 

v'27  xQ  I 


D.6. 6. 


The  right  hand  side  of  equation  D.6. 6.  is  related  to  the  Error  Function,  and  is  widely 
tabulated.  Reference  D.l.  includes  an  algorithm  for  computing  the  Error  Function. 


The  Normal  distribution,  and  certain  useful  associated  probabilities,  are  listed 
Table  D.l. 


in 


ay 


o 

0.5 

1.0 

1.5 

2.0 

2.5 
3.0 

3.5 
4.0 

4.5 
5.0 


P<*o> 

P  [  *>*G1 

0.39894 

0.50000 

0.35207 

0.30854 

0.24197 

0.15866 

0.12952 

0.06681 

0.05399 

0.02275 

0.01753 

0.00621 

0.00443 

0.00135 

0.00087 

0.00023 

0.00013 

0.00003 

0.00002 

0.00000 

0. 00000 

0.00000 

Pllxl>x0l  PlIxUxJ 


1.00000 

0.00000 

0.61708 

0.38292 

0.31732 

0.68268 

0.13362 

0.86638 

0.04550 

0.95450 

0.01242 

0.98758 

0.00270 

0.99730 

0.00047 

0.99953 

0.00006 

0.99994 

0.00001 

0.99999 

0.00000 

1.00000 

Table  p.l.  The  Normal  Distribution  and  Related 


probability  pletributlone 
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1S3 


Equation  D.7.10.  la  known  aa  Rice's  formula  (Reference  0.2.)  It  states  that*  for  a 
Normally  distributed  process,  the  average  number  of  positive  going  level  crossings 
per  second  can  be  obtained  directly  once  the  power  spectral  density  of  the  process  is 
known,  it  can  be  inferred  that,  for  this  to  have  a  finite  value,  the  ultimate  "roll¬ 
off  rate  of  the  PSD  must  be  greater  than  6  dB  per  octave. 


Equation  D.7.10.  is  often  written! 


where. 


D.7.11. 


is  the  average  number  of  positive  going  zero  crossings 
per  second. 


A  "feel"  for  the  implications  of  the  above  can 
be  obtained  by  considering  a  process  which  has 
an  ideal  band  limited  white  noise  PSD  centered 


at  f  Hz  with  a  bandwidth  f,  Hz,  as  shown  in 
figure  D.l.  This  has  the  property > 


5o 

- 

V 

(  1  +  K2/12 

) 

where 

K 

SB 

h 

Hence, 

5o 

- 

fo 

as  f^  - 

0 

and 

5o 

> 

fo 

if  f.  > 

0 

If  fl  -  2 
figure  D. 

•Zq9 

2e  t 

the 

and 

PSD 

becomes  that 

shown  in 

S0  -  0.5773.f1 


1 

n 

r-4 

• 

r- 

1 

i 

1 

i 

frequency 

fo 

*1 

Figure  D.l.  PSD  of  a  band-limited 
white  noise  process. 


Figure  D.2.  PSD  of  a  low-pass 

.  ......  ....  _  filtered  white  noise  process. 

D.7.2.  The  Expected  Number  of  Maxima  per  Second.  ■  . . .  ~  '■  *  *■•••••— 


The  probability  distribution  of  maxima  is  governed  by  the  joint  probability  density! 

p(y »*.?) 

with  a  maximum  being  defined  as  f  «  0  and  }  <  0.  It  can  be  demonstrated  (Reference  D.3.) 
that  the  probability  density  of  maxima  for  a  Normal  process  is  given  byi 


Vy> 


where 


(1  -  Z2)^.exp 
vy<2»)* 


So 


'.  -y2  ] 

+  Zjjf 

1  +  erf  y.z 

,2aJ(l  -22) 

2 cT 

Y 

2ay(l  -  Z2). 

,exp(  -y*) 


D.7.13. 
D. 7.14. 


and 


v  2 

erf(x)  ■  2. f  exp<  -r  ) .dr 

v/7  o 


D.7.15. 
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N  is  the  expected  number  of  maxima  per  second.  Using  an  argument  similar  to  that 
employed  In  Section  D.7.I.,  it  may  be  deduced  that. 


K 


i-  ’Ll 

2*  a . 


J®  f4.Gyy<£) 

Q 

J®  .df 


D.7.16. 


For  the  Ideal  band  limited  whlto  noise  process  shown  In  figure  D.I.,  the  expected  number 
of  maxima  per  second  becomes t 


fQ.  ( 1  +  K2/2  k4/80  )  * 

(  1  +  K2/12)’ 


0.7.17. 


where 


fl 

r 


When  f^  m  2.  fQ,  as  shown  In  figure  D.2.,  this  reduces  tot 


0.7746.f, 


"m  - 1 

Equations  D.7.11.  and  D.7.17.  indicate  that*  for  a  narrow  band  process, 


D. 7 . 18 . 


f ^  -  o,  so  that  2-1 


that  is,  there  is  one  maximum  for  each  positive  going  zero  crossing.  In  this  particular 
case,  the  probability  density  of  maxima  becomes,  from  equation  D.7.13., 


pp(y) 


(y  >  o)  0.7.19, 


This  is  known,  as  the  Rayleigh  Distribution. 


Conversely,  for  a  broad  band  process. 


-*  GO  ,  and  Z  -  0 

and  the  probability  density  of  maxima  becomes i 


PD(y)  -  1  .exp(  -y2)  0,7.20. 

V/'2*  2a2 

Thus,  for  a  broad  band  process,  the  probability  density  distribution  of  maxima  is  equal 
to  the  amplitude  probability  density  distribution. 


It 


APPENDIX  K 


Error  Analysis, 


The  results  obtained  from  an  analysis  of  random  data  are  never  exact. 
Thus  two  selections  extracted  from  a  recording  made  under  nominally 
steady  conditions  will  always  yield  different  results.  The  magnitude 
and  the  character  of  the  differences,  or  likely  differences,  between 
two  suah  analyses  are  just  as  important  as  the  results  themselves  if 
the  results  are  to  be  interpreted  with  any  degree  of  confidence. 


This  Appendix  contains  an  outline  of  the  method  by  which  the  errors 
associated  with  the  analysis  of  random  data  may  be  estimated.  The 
method  is  then  applied  to  the  task  of  estimating  the  errors  for  several 
of  the  more  familiar  analysis  techniques. 
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The  result  yielded  by  an  attempt  to  determine  a  characteristic  of  a  random  process  is  an 
estimate  of  that  characteristic ,  A  number  of  similar  estimates  of  a  characteristic 
will  form  another  random  sequence  having  a  mean  value  and  a  variance.  The  precision  of 
an  individual  estimate  can  be  described  by  the  variance  of  the  estimates.  The  accuracy 
of  an  individual  estimate ,  on  the  other  hand,  can  be  described  by  the  expected  value  of 
the  square  of  the  difference  between  an  estimate  and  the  true  value,  i.e. 

E[(f(y)  -  f  (y))2] 

-  e  C  (f(y)  -  e  L*(y)3  +  E[?(y)]  -  f(y))2] 

-  b  C  (  f(y)  -  e  [f(y>]  )2] 

+  2.E  [(f(y)  -  E  [f(y)]  ).(E  tf<y)]  -  f (y))] 

+  E[<E[f{y)]-  f(y))2]  E.1.1. 


The  first  term  represents  the  variance  Of  the  random  sequence  of  estimates.  The  second 
term  is  zero  because] 

E  t  f(y)  -  E£f(y)]]  -  E  [£ (y)J  -  E  [f(y)j  -  o  E.1.2. 


The  third  term  will  be  zero  if,  and  only  if,  the  average  value  of  estimates  tends  to  the 
true  value  as  the  number  of  estimates  increases  without  limit.  The  third  term  is  there¬ 
fore  referred  to  as  a  bias  error. 


The  two  types  of  error,  namely  variance  error  and  bias  error,  are  normally  evaluated 
separately  since  the  first  can  be  considered  to  be  a  shortcoming  of  the  experiment,  whilst 
the  second  can  be  considered  to  be  a  shortcoming  of  the  analysis  technique . 


It  is  normal,  when  presenting  estimates  for  the  two  types  of  error,  to  normalise  the 
square  root  of  the  quantities  derived  above.  Thus: 


The  Normalised  RMS  error,  e 


jliJl&U  -  1 

£(y) 


+ 


E.1.4. 

E.1.5. 


E.2.  Variance  Errors 


The  variance  error  term  of  equation  E.1.1.  can  be  expanded  to  givet 


E  C{  f(y)  -  E  Cf(y)3  >23  -  E[f(y)2]-  2.BCf(y).E  £f(y)D  +  E[f(y)]  2 


■  E  l£(y)^J-  E  Qf(y)  3  2 


E.2.1 
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Write  f(y)  -  1  |T  g(t) .dt  E.2.2. 

T  O 

where  g(t)  is  some  function  of  time  based  upon  y(t) .  Then  the  first  tern  of  equation 
E.2.1.  becomes: 


e[£(y)2J  -  A  fT  fT  E[g(a).g(b)].db.da  E.2.3. 

t2  o  Jo 


Substituting  b  •  a  +  r,  equation  E.2.3.  becomes: 


E  Lf(y)23  ■  1  fT  fT-a  E  [g(a)  ,g(a+r)]  .dr.da  E.2.4. 

t2  o  -a 


-  1  fT  f5’4  R„(r).dr.d«  E.2.5. 

jo  -a  3 


Equation  E.2.5.  can  be  evaluated  to  yield: 


Elf(y)2]  -  1  fT  <1  -  r)  .R_<r>  .dr  E.2.6. 

T  J0  T  * 


Note  that  Rg(r)  is  the  autocorrelation  function  of  g{t).  It  may  be  written: 

Rg(r)  “  Kg<r>  +  92  E.2.7. 


Where  K  (r)  is  the  autocovariance  function  of  g ( t )  and  g  is  the  mean  value  of  g(t).  Thus, 
equation  E.2.6.  may  be  written: 


E[f(y)2J  -  2  fT  <1  -  r) .  (Ka(r)  +  g2)  .dr  E.2.8. 

T  o  T  9 


-  2  fT  <1  -  r) ,K_(r) .dr  +  g2  E.2.9. 

T  J  o  T  y 


This  may  be  substituted  into  Equation  E.2.1.  to  give,  from  equation  E.I.3., 


(  f(y).€v)2  -  2  fT  (1  -  r).K_ (r)  .dr  E.2.10. 

T  o  T  9 


This  is  a  general  result  which  can  be  used  to  estimate  the  variance  error  of  any  function 
of  y. 
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E.2.1.  Mean  Value  Estimates 


The  mean  value  of  a  function  y(t)  1b  estimated  by: 


y  *  if  y(t).dt 
T  O 


E.2.11. 


Comparison  with  E.2.2.  shows  that  g(t)  -  y(t)  so  that  equation  E.2.U.  becomes: 


<?<t).02  -  2  rT  (1  -  r).K  (r).dr 

v  T  J  o  ip  xj 


E.2.12. 


Note  that  the  autocovariance  function  K  (r)  tends  to  zero  at  large  T  for  an  ergodic 
process/  so  that: 


e  v  0  as  T-fcoo 


E.2.13. 


I  ! 


Equation  E.2.12.  is  often  difficult  to  evaluate  for  a  particular  application/  if  only 
because  the  true  autocovariance  function  (as  opposed  to  an  estimate  of  it)  cannot  be 
determined  experimentally.  As  a  result/  it  is  normal  to  assume  that  the  power  of  the 
random  component  of  a  data  sequence  is  uniformly  distributed  over  a  bandwidth  B  Hz.  The 
autocovariance  function  for  a  sequence  of  this  type  is: 


Vrl 


.  Sin  27TB r 


E.2.14. 


When  BT  »  1/  equation  E.2.12.  can  be  evaluated  for  this  function  to  yield: 


Y-<\r  “  V— - 


(28T)* 


E.2.15. 


E.2.2 .  Mean  Square  Value  Estimates 


The  mean  square  value  of  a  function  y(t)  is  estimated  by: 

$2  m  1  JTy2(t).dt 
T  1 0 


E.2.16. 


Comparison  with  E.2.2.  shows  that  g(t)  »  y*(t). 

The  autocovariance  function  included  in  equation  E.2.10.  may  be  written  for  this  case: 


Rg(r)  -  g2  «  K[y(t).y(t).y(t+r).y(t+r)]  -  g2 
An  important  general  relationship  which  is  relevant  here  is: 

^1*2*3*43  “  EUl*Y23*E^y3*y4l  +  E  t*!*^*15 

+  E  [y1.y4].E[y2.y3]  -  2.yry2.y3.y4 

Uencet  equation  E.2.17.  can  be  written: 

Kg(r)  -  Ry2(o)  +  2.Ry2  (r)  -  2.y4  -  g2 


E.2.17. 


E.2.18. 


E.2.13. 
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2  —2 

But  Ry  (o)  -  g  ,  so  that  £.2.19.  becomes t 

Kg(r)  -  2.Ry2(r)  -  2.y4 

-  2. (Ky(r)  +  y2)2  -  2.y4 


-  2,Ky2(r)  +  4.y2.Ky(r>  +  2.y4  -  2.y4 


2.Ky<r) .(Ky<r)  +  2.y  ) 


£.2.20. 


Finally,  therefore,  from  equation  £.2.10., 


(^2-V2 


4.  fT  (1  -  r).K  (r).(K  (r)  +  2.y2|.dr 
1  J  o  1  *  l  *  J 


£.2.21.. 


When  the  PSD  of  the  noise  is  assumed  to  be  uniform  over  a  bandwidth  B  Hz.,  and  BTS>1, 


Ky(r)  «  a  Sin  2?:Br 
2.7iBr 


£.2.22. 


from  equation  E.2.14.,  equation  £.2.21.  becomes,  for  y  »  o, 


(  ^  2  •  cv)  2 


Ky?(o) 


£.2.23. 


E.2.24. 


E.2.3.  correlation  Function  Estimates 


The  cross-correlation  function  of  two  random  processes  y^(t)  and  y2(t)  is  estimated  by 


R12(r)  -  1  JT  ya ( t) .y2(t+r) .dt 


£.2.25. 


Thus,  for  this  case,  g(t)  -  y1(t) .y2(t+t1) .  The  autocovariance  function  included  in 
equation  £.2.10.  may  then  be  written: 


Vr)  "  92 


[yi<t)  .y2(t+ti)  .y,  (v.:r)  ,y2(.t+ti+r)]  -  5"“ 


£.2.26. 


This  may  be  written,  from  equation  £.2.18., 

Kg(r)  m  (r) .K22 (r)  +  2^y^.K22(r)  +  y^.K^j(r)] 

+  ^ijt^+r)  .K^lt^t)  +  2  y1.y2[K12(t1+r)  +  Kyt^+r)]  E.^  27. 

This  may  be  substituted  into  equation  £.2.10.  to  provide  a  general  expression  for  the 
variance  error  of  cross-correlation  function  estimates.  When  both  processes  have  a  zero 
mean  value  and  BT  »  1,  then  £.2.10.  gives: 


(R12(r).ev)2  -  2  jT(l-r)[K11(t)  .K22(t)  +  K^lt^tl  .K^ttj-r)]  .dt 


£.2.26. 


-1_.  [Kh(o)  .K22(o)  +  K212(r)]  * 


£.2.29. 
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ort  when  K ^ ,,  *  ot 


£.2.30. 


It  nay  be  noted  that  the  Normalised  variance  error  for  autocorrelation  function  estimates 
is,  when  Kyy(r)  *  o,  given  byt 


e 


v 


1  .  r  i 

( 2BT) ^ 


£.2.31. 


When  r  -  o,  equation  £.2.31.  reduces  to  equation  £.2.24. 


Note  that  the  expressions  for  the  Normalised  variance  error  for  auto  and  aroes  correla¬ 
tion  functions  are,  unlike  previous  results,  dependent  upon  the  value  of  the  appropriate 
function.  In  fact 


e 


v 


oo 


as 


£.2.32. 


Therefore  it  is  not  really  appropriate  to  normalise  the  error  in  this  case. 


£.2.4.  Power  Spectral  Density  Estimates 


Estimates  of  power  speatral  density  are  subject  to  a  variance  error  which  may  be  evaluated 
from  first  principles.  Precisely  the  same  result  may  be  obtained  by  recognising  that  PSD 
estimates  are  obtained  by  computing  the  mean  square  value  of  the  original  signal  after  it 
has  been  selectively  filtered  (see  Section  2.4.1.).  The  normalised  variance  error  for 
mean  square  value  estimates  is  given  by  equation  £.2.24., 


£ 


V 


£.2.33. 


This  expression  describes  the  normalised  variance  error  for  a  PSD  estimate,  provided  that 
U  is  interpreted  as  the  effective  analyBer,  rather  than  the  data,  bandwidth. 


When  PSD  estimates  are  obtained  from  discrete  Fourier  transforms  (see  Appendix  C) , 
equation  £.2.33.  takes  a  particular  form  sincei 


B  *  1  and  T  *  h.N.N. 

K7n 


where  M  is  the  number  of  transform  blocks  used  to  obtain  the  PSD  estimate.  Thus  the 
normalised  variance  error  can  be  written i 


This  surprisingly  simple  result  states  that  no  useful  information  is  obtained  if  only 
one  transform  is  used  to  complete  the  PSD  estimate.  This  is  not  unreasonable  when  it  ie 
considered  that  a  DPT  is  just  another  way  of  describing  the  original  data.  The  result 
also  indicates  the  large  quantity  of  data  required  in  order  to  obtain  reasonably  accurate 
PSD  estimates.  In  order  to  illustrate  the  point,  suppose  that  the  PSD  is  required  from 
data  which  has  been  sampled  at  a  rate  of  100  per  second.  Suppose  also  that  2048  samples 
are  used  for  each  transform.  Then  the  normalised  variance  error  can  ba  reduced  to  10 
percent  if  around  34  minutes  of  data  are  available.  However,  approximately  57  hours  of 
data  are  required  to  obtain  1  percent  normalised  variance  error. 


Finally,  it  is  worth  noting  that  the  technique  of  "looping",  (widely  used  in  early  analogue 
analysers)  or  overlapping  data  does  nothing  to  reduce  the  variance  error  of  PSD  estimates, 
even  though  the  results  may  be  made  to  look  more  convincing. 
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